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EFFECTIVE ACTIONS OF THE GENERAL INDEFINITE UNITARY 
GROUPS ON HOLOMORPHICALLY SEPARABLE MANIFOLDS 

YOSHIKAZU NAGATA 


II 

Abstract. We determine all holomorphically separable complex manifolds of dimen¬ 
sion p+g which admits a smooth envelope of holomorphy such that the general indehnite 
unitary group of size p + q acts effectively by holomorphic transformations. Also we give 
exact description of the automorphism groups of those complex manifolds. As an appli¬ 
cation we consider a characterization of those complex manifolds by their automorphism 
groups. 
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1. Introduction 

Isaev and Kruzhilin determined all complex manifolds of dimension n on which the uni¬ 
tary group U{n) acts effectively as holomorphic transformations [21 • As a consequence, 
they proved that the complex euclidean space is characterized by its automorphism 
group. We say that a complex manifold M is characterized by its automorphism group, if 
any complex manifold N (sometimes with some assumption) whose automorphism group 
Ant (TV) is isomorphic to Aut(M) as topological groups is biholomorphically equivalent 
to M. In this paper, toward a classihcation of complex manifolds with a holomorphic in¬ 
definite unitary group action, we treat complex manifolds on which the general indefinite 
unitary groups GU (p, q) act effectively by holomorphic transformations. Moreover we give 
exact description of the automorphism groups of those complex manifolds, and the char¬ 
acterization by their automorphism groups. The characterization problem is considered 
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mainly for homogeneous complex manifolds, otherwise there exist many counterexamples. 
For homogeneous complex manifolds, there exist many positive results on the characteri¬ 
zation, e.g. n, 0 , 0 , a, 0 , etc, and there exists a counterexample in [7]. In order to 
describe our results, let us hx notation here. Let hi be a complex manifold. An automor¬ 
phism of n means a biholomorphic mapping of hi onto itself. We denote by Ant (hi) the 
group of all automorphisms of hi equipped with the compact-open topology. If Ai,..., 
are square matrices, diag[Ai,..., A^] denotes the matrix with Ai,..., A^. in the diagonal 
blocks and 0 in all other blocks. We put here two domains in 

DP’-? = {{Zl, . . . , Zq, Zq+l, . . . , Zp+q) G ! -\Zl\^ - \Zq\‘^ + \Zq+l\‘^ ^ - ^\Zp+q\‘^ > 0}, 

and the exterior of in 

, Zp, • • • ; ^p+q) ^ : —\Zl\^ — --- — \Zq\^-\- • -f |^p+g|^ < 0}. 

Recall the indehnite unitary group of signature (p, q) 

U{p, g) = {A e GL{p + g, C) : AVA = J}, 

where 


J = diag[-Eq, Ep]. 

Then we put the general indehnite unitary group of signature (p, g) by 

GU{p,q) = {A G GL(p-|-g, C) : A* JA = i^(A) J, for some i^(A) G M>o} 

~ 17(p,g)xM>o, 

and identify C* with the center of GU{p, g): 

C* ~ {diag[a!,..., a] G GL{p -|- g, C) : a G C*} C GU{p, q). 

Since 17(p, g) acts on each level sets of —• • • — \zq\^ + |zp+gp, and C* 

acts on and as scalar multiplication, the group GU (p, g) is a subgroup of the 
automorphism groups of these two domains and G^’'^. Furthermore, G17(n, 1) acts 
on C* X B"" and C x B"" effectively as holomorphic transformations, where B” = {z G C” : 
\z\ < 1}. Indeed, we have the action of A = (aij)o<ij<n G GU{n, 1) on C x B"" by 

C X B" 3 {zq, Zi,..., Zn) (70(^0, Zi, . . . ,Zn),^l{Zi, . . . ,Zn), . . . , ^n{zi, Zn)) G C X B", 


where 

n 

7o(zo, zi,...,Zn) = zo{aoo + ^ aojZj), 

t=i 


and 

-^i[zi, ...,Zn) = --, 

Uoo + 2-^j=i ^ojZj 

for 1 < i < n. This action preserves {0} x B"’, therefore GU{n, 1) acts on C* x B”. We 
note that G”’^ is biholomorphic to C* x B” by a biholomorphic map 

G""’^ 9 {zq, Zi, Z 2 , ■ ■ ■ , Zn) eA (zq^ —, . . . , -^ G C* X B”. 

and again we see from this map that GU{n, 1) acts on C* x B”. 
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Clearly GU{p,q) acts on and \ {0}. We will show that, under certain con¬ 
ditions, those domains are all complex manifolds on which GU{p, q) acts effectively by 
holomorphic transformations. The precise statements are the following: 

Theorem 13.11 Let M be a connected complex manifold of dimension n + 1 > 2 that 
is holomorphically separable and admits a smooth envelope of holomorphy. Assume that 
there exists an injective homomorphism of topological groups po : GU{n, 1) —> Aut(M). 
Then M is biholomorphic to one of the five domains C"'+^\{0}, ~ C*xB"' 

and C X B". 

Theorem 14.11 Let M be a connected complex manifold of dimension 2 that is holomor¬ 
phically separable and admits a smooth envelope of holomorphy. Assume that there exists 
an injective homomorphism of topological groups po : GU{1, 1) —?■ Aut(M). Then M is 
biholomorphic to one of the four domains \ {0}, ~ C* x D and C x D, where 

D = Bh 


Theorem 15.11 Let p,q > 1 and n = p + q. Let M be a connected complex mani¬ 
fold of dimension n that is holomorphically separable and admits a smooth envelope of 
holomorphy. Assume that there exists an injective homomorphism of topological groups 
Po : GU{p,q) — > Aut(M). Then M is biholomorphic to one of the four domains C”, 
C*" \ {0}, and G^’L 

Observe that clearly D^’P ~ GP’P, and, if p 7 ^ g, then DP’P 9 ^ (see [7]). We can 
put Theorem 13.11 and Theorem 14.11 together, since ~ G^'^. When we prove those 
theorems, however, we need to divide those cases. We give the proofs of Theorems 13.11 
14.11 and 15.11 in Section [3l 0] and O respectively. 

In Section | 6 l we give precise descriptions of the automorphism groups of the domains 
in Theorems 13.1114.11 and [5Tl except for C” and \ {0}. 


Theorem [HI] ([I]). For f = (/o, /i,..., fn) e Aut(C x B”), 

/o(2;o, ^1, . . . , Zn) = a{Zi, . . . , Zn)ZQ + b{zi, ...,Zn), 

and 

fi{Zo, Zi,..., Zn) = -- 

®oo + Z^j=i PPojZj 

for i = l,...,n, where a is a nowhere vanishing holomorphic function on B”, b is a 
holomorphic function on B”, and the matrix (aij)o<ij<n is an element of SLf{n,l)- 


Theorem [O] ([?]). For f = (/o, /i,..., fn) e Aut(C”’^), 

r . [ Zi Zn\ [ Zi Zn\ _i 

/o(zo, Zi, ..., Zn) = C ] Zo or c ] Zq , 

V^o ZoJ \Zo ZoJ 

and 

J. , \ r r + Z^j=l 

fi{Zo,Zi,...,Zn) = fo{Zo, Zi, . . . , Zn) --, 

®00 + l^j=l PPOjZj 

for i = 1,... ,n, where c is a nowhere vanishing holomorphic function on B", and the 
matrix (ajj)o<jj<n is an element of SU{n,l). 


Theorem 16.31 Aut(Zl^’'?) ~ GU{p,q) forp > 1, q > 0. 
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As a corollary of above theorems, together with the classihcation in [3], we can state 
the characterization theorem for some domains by their automorphism groups. 

Corollary 1.1. Let M be a connected complex manifold of dimension p+q that is holo- 
morphically separable and admits a smooth envelope of holomorphy. Assume that A\xt{M) 
is isomorphic to Aut(il^’'?) as topological groups. Then 

{i): If q = 1, then M ~ 

(a): If p = 1, then M ~ 

{Hi): If p = q, then M ~ . 

Proof. For {i), the case p > 1 follows from Theorems 13.11 16.11 16.21 and 16.31 Indeed, 
Aut(Zl^’^) is a linear Lie group by Theorem 16.31 while the automorphism groups of 
CP+i (JpA and C x B"' in the list of Theorem 13.II are not Lie groups. Thus Aut(ZlP’^) 
is neither isomorphic to Aut(C^+^), Aut(C^+^ \ { 0 }), Aut(C x B^) nor Aut(C* x B^) as 
topological groups, and therefore characterizes the domain 

For {a), the case g > 1 follows from above {i), Theorems 13.11 16.11 16.21 and the fact 
that U{1 + q) does not acts effectively on as holomorphic transformations (see [3]). 
Since U{1 + q) acts effectively on and \ {0}, Aut(il^’^) is neither isomorphic 
to Aut(C^+^) nor Aut(C^+^ \ {0}). Observe that Aut(il^’'^) is not connected by Theo¬ 
rem [ 6 ] 2 l namely, there exists two components which include the maps {zq, zi,..., Zq) and 
(zq^ , Zi,..., Zq), respectively, while Aut(C x B'^) is connected since B” is contractible. 
Therefore Aut(C"^’^) and Aut(C x B”^) are not isomorphic to each other as topological 
groups. Hence, by Theorem 13.11 Aut(il^’'^) characterizes the domain 

For {Hi), Aut{DP’P) is neither isomorphic to Aut(C^^) nor Aut(C^^ \ {0}), since U{2p) 
does not act effectively on as holomorphic transformations. If p = 1, then Aut(Zl^’^) 
is not isomorphic to Aut(C x B^) as the proof of {ii) above. Thus, by Theorem 14.11 this 
case is proven. For p > 1, the assertion holds by Theorem 15.11 

□ 

For the case g = 1, a direct proof of the characterization for was given in |2], and 
that for was given in [7]. In the paper [7], it is also proven that, if p 7 ^ g, p, g > 1, 
then while Aut(Zl^’'^) ~ Aut(C^’'^). This means that for the domains 

p, g > 1 , the characterization by their automorphism groups does not hold. 

Corollary 1.2. Let M be a connected complex manifold of dimension n+1 that is holomor- 
phically separable and admits a smooth envelope of holomorphy. //Aut(M) is isomorphic 
to Aut(C X B”) (or Aut(C* x B”)) as topological groups, then M is biholomorphic to 
C X B" (C* X B"', respectively). 

The proof is similar to that of Corollary 11.11 A direct proof of the characterization 
for C X B” was given in [1], and for C* x B"’ in [2] in which the characterization is given 
for any direct product of a ball with Euclidean spaces and punctured Euclidean spaces, 
respectively. 


2. Preliminary 

2.1. Reinhardt domains. In order to establish terminology and notation, we recall 
some basic facts about Reinhardt domains, following Kodama and Shimizu i, 0. Let 
G be a Lie group and hi a domain in C”. Consider a continuous group homomorphism 
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p : G —Aut(fi). Then the mapping 

G {g,x) \^ {p{g)){x) G Vt 

is continuous, and in fact G‘^. We say that G acts on f] as a Lie transformation group 
through p. Let T” = (?7(1))"', the n-dimensional torus. T” acts as a holomorphic auto¬ 
morphism group on C” in the following standard manner: 

T” X C” 9 (ci, z) I —> a ■ z := (aiZi,..., anZn) G C"". 

A Reinhardt domain hi in C” is, by dehnition, a domain which is stable under this standard 
action of T”. Namely, there exists a continuous map T” ^ Ant (hi). We denote the image 
of T” of this inclusion map by T{Q). 

Let / be a holomorphic function on a Reinhardt domain hi. Then / can be expanded 
uniquely into a Laurent series 

/(^) = 

which converges absolutely and uniformly on any compact set in hi. Here z'' = Zi^ ■ ■ ■ z'^^ 
for = (i^i,..., fn) G TR. 

Lemma 2.1. Let Q be a Reinhardt domain in C"" and n = p + q. If p > 1 and U{p) acts 
by linear transformations on C” to first p variables zi,... ,Zp, and the action preserves 
then the Laurent series of a holomorphic function on Ll does not have negative degree 
terms of Zi,..., Zp. 

Proof. Since H fl {z* = 0 } 7 ^ 0, for 1 < i < p, by the 17(p)-action on H, and since the 
Laurent series are globally dehned on the Reinhardt domain H, the lemma is trivial. 

□ 


(C*)”' acts holomorphically on C" as follows: 

(C*)" X C"" 3 ((«!, . . . , Un), (^1, • • • , Zn)) '- > (Ul^l, . . . , Dn^n) G C"". 

We denote by n(C"^) the group of all automorphisms of C” of this form. For a Reinhardt 
domain H in C”, we denote by n(H) the subgroup of n(C"') consisting of all elements of 
n(C"') leaving H invariant. 

Lemma 2.2 ([!]). Let Q be a Reinhardt domain in C"' . Then n(r2) is the centralizer of 
T{fl) mAut(r2). 

Next lemma is the key to prove Theorems 13.1114.11 and 15.11 

Lemma 2.3 (Generalized Standardization Theorem [5]). Let M be a connected complex 
manifold of dimension n that is holomorphically separable and admits a smooth envelope 
of holomorphy, and let K be a connected compact Lie group of rank n. Assume that an 
injective continuous group homomorphism p of K into Aut(r2) is given. Then there exists 
a biholomorphic map F of M onto a Reinhardt domain G in C”' such that 

Fp{K)F-^ = U{nfi X • • • X f/(n,) C Aut(G), 

where % = n. 
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We remark on an action oiU{n,l). In contrast to Lemma [2.31 for a non-compact case, 
GU{n, 1) act on C x B"', which is not linearizable. 

Let us consider U{q) x U{p) as a subgroup of GU{p, q) in the natural way. Then 
U{q) xUip) is a maximal compact subgroup of GU (p, q). We also identify U{p) and U (g) 
with {Eq\ X U{p) and U{q) x {Ep\ in GU{p, q), respectively. Put the center of the group 
U{q) X U (p) in GU (p, q) by 

(2.1) Tq^p = {diSig[uiEq,U 2 Ep\ : Ui,U 2 G C GU{p,q). 

Here we apply Lemma 12.31 to the hypothesis of Theorems 13.1114.11 and 15.11 Since there 
exists an injective homomorphism of topological groups po : GU{p,q) —> Aut(M), and 
U{q) X U{p) C GU{p,q), there is a biholomorphic map E from M onto a Reinhardt 
domain 12 in C^+'? such that 

Epo{U{q) X U{p))E-^ = U{ni) x • • • x f/(n,) C Aut(H), 

where = P + Q- Then, after a permutation of coordinates if we need, we may 

assume Ep^iU^q) x U{p))E~^ = U{q) x U{p), whose action on 12 is matrix multiplication. 
We dehne an injective homomorphism 

p : GU (p, q) —y Ant (12) 

by p{g) '■= E o po{g) o E~^. We prove in Section 3,4, 5 that 12 is biholomorphic to one of 
the domains in the statement of the theorems. 

2.2. Some results on Lie group actions. We record some results, which will be used 
in the proof of the theorems several times. 

Lemma 2.4. Let p, q, k be non-negative integers and p q > 2. For k < p + q, any Lie 
group homomorphism 

p : SU{p,q) GL{k,C) 

is trivial. 

Proof. Put n = p + q. It is enough to show that the Lie algebra homomorphism 

dp : su(p, q) —)■ gl{k, C) 
is trivial. Consider its complex linear extension 

dpc : su(p, q) (8)r C — Ql{k, C). 

Since su(p, g) (8 )]r C = sl(n, C) and s[(n, C) is a simple Lie algebra, dpc is injective or 
trivial. On the other hand, dimcsu(p, g) {8 )]r C = — 1 > k"^ = dime 0l(A;, C). Thus dpc 

must be trivial, and so is dp. 

□ 

Similarly we have 

Lemma 2.5. Letp,q,k be non-negative integers andp,q > 0. Forp + q > k + 1, any Lie 
group homomorphism 

p-.SU{p,q)^PU{k,l) 

is trivial. 

Lemma 2.6 ([6] Proposition 2.3). Let G be a real Lie group acting by holomorphic trans¬ 
formations on C". Then the action extends to a holomorphic action of the universal 
eomplexification G'^ on C”. 
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We recall the notion of categorical quotient for an action G x X —)■ X of a Lie group 
G on a complex space X, following Kutzschebauch [B]. 

Definition 2.1 ([ 6 ] P. 86 ). A complex space XjjG together with a G-invariant holomor- 
phic map tt^ : X —)■ X//G is called categorical quotient for the action G x X ^ X if it 
satisfies the following universality property: 

For every holomorphic G-invariant map if ■. X from X to some complex G-space 
Y, there exists a unique holomorphic G-invariant map if \ X//G ^ Y such that the 
diagram 

X ^ 

T^X \ 

X//G 

commutes. 

As a topological space, when exists, X//G is just the topological quotient of X with 
respect to the equivalence relation R associated to the algebra 0^{X) of G-invariant 
holomorphic functions on X: 

R = {{x,y) e X X X : f{x) = f{y) V/ G G^(x)} 

It is known that, if X = and G is a complex reductive group or a compact group, 
there exists the categorical quotients. In the proof of Theorems 13.1114.11 and 15.11 we use 
the following lemma with X = C” and G = GL{n, C), SL{n, C) or U{n). In these cases, 
X//G are a one-point set. 

Lemma 2.7 ([6] P. 87). Any holomorphic action of a complex reductive group G on GA 
through p with the zero dimensional categorical quotient is linearizable, i.e. there exists 
7 G Aut(C"') such that 7 “^p(G )7 C GL(n, C). 

In the proof of Theorems 15.11 and 16.31 we need the following. 


Y 


Lemma 2.8. Letp, q > 0. If f E GL{p-\-q, C) preserves then we have f G GU{p, q). 


Proof. Since / G GL{j) + q, C) preserves / preserves G^’^ and the null cone 

= {{zi ,..., Zp-^.q) G : —\zi\^ — ■■■ — \zq\^ Y ki+gT + • • • + ~ 0}) 


Put 

/=G ff\^GL(p + qX). 

where A = (ajj) G M{q,C), B = (bij) G M{q,p,C), G = (c^) G M(p, g, C) and D = 
(dij) G M{p,C). We will show that 


( 2 . 2 ) 


GA f-Eq 0 \ [A B\ 

^d) 0 Ep) I^G d) 





Since / G GL{p + q, C) preserves G^’'^ and /(I, 0...., 0) = (on,..., Ogi, Cn,..., Cpi), it 
follows that is positive, and therefore we will find / G GU(p, q). 

The left-hand side of fl2.2p equals 


/-MA + X'G -^AB + *GD\ 
\-RA + ^DC -BB + BD) ■ 
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Put coordinates z = {zi,..., Zg) E and z' = {zi,..., Zp) G C^. For (z, z') G dD^’^, we 
have 

-\\Az + Bz'\\‘^ + \\Cz + Dz'W^ = 0, 

where || ■ || is a usual euclidean norm. li z = (0 ,..., 0, Zj, 0,..., 0), z' = 

(0,..., 0, Zfc, 0,..., 0) and —+ \zk\‘^ = 0, then we have 

q p 

^ ^ bikZk\ “1“ ^ ^ dikZk\ 0. 

i=l i=\ 

Putting Zk = 6* G M, we can easily derive from this equation that 

i=l i=l 

Q P 

^ ^ ^ijbik H“ ^ ^ Cijdij^ 0. 

2=1 2 = 1 

The second equation means —^AB + XJD = 0 and —^BA + ^DC = 0. The hrst equation 
means 

- Y1 + Y1 = Y1 - Y1 

2=1 2=1 2=1 2=1 

Therefore all diagonal components of —^AA + T7C equal — + Si=i kiiP, and 

those of -^BB + ^DD equal Yll=i kuP - Ym=i kuP- 

If z = (0,..., 0, Zj, 0,..., 0, Zj/, 0,..., 0), z' = (0,..., 0, Zfc, 0,..., 0, Zk', 0,..., 0) and 
— = 0, then we have 

q p 

^ ^ A dijfZj' bikZk A ^ik'^k'l A ^ ^ \ Aj^j A T dikZk A dik'Zk'\ 0. 

2=1 2 = 1 

Replacing zji, Zk and Zk' with Zj', (A^^'^Zk and Zk', respectively, we can derive 

from this equation that 

q p 

^ ^ dijttiji T ^ ^ CijCiji 0, 

2=1 2=1 

9 P 

^ ^ biki^ik' “1“ ^ ^ dikdik^ 0. 

2=1 2 = 1 

Therefore all non diagonal components of —*AA + and —^BB + ^DD vanish. Thus we 
obtain the assertion. 

□ 


3. The actions of GU{n,l) 

Now we prove the following theorem. 

Theorem 3.1. Let M he a connected complex manifold of dimension n + 1 > 2 that 
is holomorphically separable and admits a smooth envelope of holomorphy. Assume that 
there exists an injective homomorphism of topological groups po : GU{n,l) —> Aut(M). 


EFFECTIVE ACTIONS OF THE GENERAL INDEFINITE UNITARY GROUPS 


9 


Then M is hiholomorphic to one of the domains \ {0}, ~ C* x B” 

or C X B". 

Proof. By Lemma 12731 and the comments after that, we can assume that M is a Reinhardt 
domain Q in U{1) x f/(n)-action on C is linear and p(T"'+^) = T^+^, We 

will prove that hi is hiholomorphic to one of the five domains \ { 0 }, D^’^, 

Cn,i ~ C* X B” or C X B". 

Put a coordinate ..., Zn) of Since p(C*) is commutative with p(T"'+^) = 

j^n+i ^ Aut(r2), Lemma [2^ tells us that p(C*) C n(r2), that is, p(C*) is represented by 
diagonal matrices. Furthermore, p(C*) commutes with p(P(l) x U{n)) = U{1) x U{n), 
so that we have 

( 3 . 1 ) p = diag ^ 2 ^i{a 2 s+{b^+ic 2 )t}^ 

where s, t G M, Oi, 02 G Z, &i, & 2 , Ci, C 2 G M. Since p is injective, ai, 02 are relatively prime 
and (ci, C 2 ) 7 ^ (0, 0). Since is the center of the group U{1) x U{n) (see fl2.ip i. we have 
p(Ti^n) = Ti,n C Ant (hi). Hence piTi^yf) is described as 

( 3 . 2 ) p (diag ) = diag [e^^dasi+bs 2 )^ g 2 «(csi+d. 2 )^^j ^ ^ ^ 

where 

(! !;)<^gl(2.z). 

and Si, S 2 G M, and we have a + 6 = Oi and c + d = 02 - To consider the actions of C* and 
U{1) X U{n) on hi together, we put 

G(17(l) X U{n)) = ■ di&g[uo,U] G GU{n,l) : t G M,Mo e U{1),U e U{n)} . 

Then we have 

G := p{G{U{l) X U{n))) 

= (diag G GL(n + 1,C) : t G M,Mo G 17(1), f/ G 17(n)} . 

Note that G is the centralizer of Ti „ = p(Ti „) in p{GU{n, 1)). 

Let / = (/o, /i,..., fn) G p{GU{n, 1)) and consider the Laurent series of the compo¬ 
nents: 

(3.3) fi{zo, ...,Zn)= ^ 

i/eZ"+i 

for 0 < i < n. By Lemma 12.11 there are no negative degree terms of Zi,..., in 03.31) . 
Write n = (no, i/') = (i/q, pi, • • •, ^n) ^ and |i^'| = vi + ■ ■ ■ + Vn- Let us consider 

u' G Z>Q and put 

= ^1' • • - c, 

from now on. When we need to distinguish z/ for /*, 0 < i < n, we write n = i/h) = 
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If / G p{GU{n, 1)) \ G is a linear map of the form 

0 \ 


^ “( 0 , 1 , 0 ,..., 0 ) 


0 (n) 

“( 0 , 1 , 0 ,..., 


0 ) 


a 


ho,..., 0 , 1 ) 

(n) 


G GL(n + l,C), 


( 0 ,..., 0 , 1 ) / 


then / commntes with p(Ti^„), which contradicts f ^ G. Thus we have: 

Lemma 3.1. For any f G p{GU{n,l))\G, there exists v G ^ e\, such that af'* ^ 0 
in (13.3p . or there exists v G ^ e^, • • •, Cn+i, such that ^ 0 in (13. 3 p for some 

I < i < n, where Ci = (1, 0 ,..., 0 ), 62 = ( 0 ,1, 0 ..., 0 ), ..., e„+i = ( 0 ,..., 0 ,1) are the 
natural basis oflF^^. 

Since C* is the center of GU{n, 1), it follows that, for / G p{GU{n, 1)), s,t G M, 

p o f = fop . 

By (13.3p . this equation means, for i = 0, 


^iTi{ais+(h\-\-ici)i\ a'-Pz" 


_ _. , (0) 

'y q( 0 ) ^^2TTi{ais+[bi+ici)t}^^2iTi{a2S+(b2+ic2)t} 


y 


E' 


^{ 0 ) ^2TTi{ais+(bi+ici)t}ulf^ ^2TTi{a2S+{b2+iC2)t}\u'\ 


and, for 1 < i < n. 


^ 2TTi { a2S +{ b2 + ic2 ) t } 'y qG) 


E'“? ( 

V 

E' 


(i) 

^ 2TTi { ais +{ bi + ici ) t }'^0 ^^ 2m { a2S +{ b2 + ic2 ) t }‘ 


(i) 2 Tri{ais+{bi+ici)t}uf^ 2-Ki{a2S+(b2+iC2)t}\u'\ v 


Z . 


Thus for each v G Z"'+^, we have 


g27ri{ais+(6i+ici)q^(0) _ ^2Tri{ais+{bi+ici)t}uf’'^ ^2TTi{a2S+{b2+ic2)t}\u' \^{0) 

and, for 1 < i < n, 

^2TTi{a2S+{b2+ic2)t} ^(i) _ ^2TTi{ais+{bi+ici)t}uf^ ^27ri{a2S+{b2+iC2)t}\u'\ 

' I 'V* 1 -f .(0) ^ i n 


(3.4) 

and if Ou^ ^ 0 

(3.5) 

for 1 < i < n. 


E 

o' 

0 


,..., I'n'^) G Z X Z^o, we have 

■ 1 ) + 02(1^1 ^ • 

■ + I 2 n^) 

= 0 , 

1 ) + C 2 (Z^® + • • 

■ + I 2 n^) 

= 0 , 

(h /I / (h (* 

'0 = {^0 ,^1 

) 

^ ^ Un 

*) G Z X Z^o, we have 


/o) 

,(0) 


+ a2{i'i^ H-h - 1 ) = 0 , 

Cl 14^*^ + 02 ( 121 ^ H-h - 1) = 0, 


First, we consider the case C 1 C 2 = 0. 
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Lemma 3.2. If ci ^ 0, C 2 = 0, then is biholomorphic to C* x B” or C x B”. 

Proof. In this case, C can be written of the form (C x D) U (C* x D'), where 

D and D' are open sets in C"". Indeed, = (fl fl {zq = 0}) U (fl fl {zq 7 ^ 0}). Then 
{0} X D := f] {zq = 0} C implies C x D C by G-action on On the other 
hand, O O {zq 7 ^ 0} = C* x D' for some open set D' C C” by the G-action. Thus, 
O = (C X D) U (C* X D'). Furthermore D C D', and since O is connected, D' is a 
connected open set in C C”. 

We shall prove now that D' is biholomorphic to B” and D coincides with D' or 0. For 
/ = (/o,..., fn) G p{GU{n, 1)), the functions /*, for 1 < i < n, do not depend on zq by 
fl3.5p . therefore GU{n, 1) acts on D and D'. Since U{n) acts linearly on D', the domain 
D' must be one of the open sets C”, C"" \ {0}, C” \ B”, B”, B" \ {0} and B” \ B”,, where 
B” = {zgC”: \z\ <r} and r > r' > 0. Thus we have a topological group homomorphism 
from GU{n, 1) to one of the topological groups Aut(C”), Aut(C" \ {0}), Aut(C"' \ B”), 
Aut(B^), Aut(Bp \ {0}) and Aut(B^ \1"). 

We now prove D' 7 ^ C"". Suppose the contrary were the case. Then, by Lemma [T 6 l the 
U{n, l)-action extends to a holomorphic action of GL{n + 1, C). The categorical quotient 

//GL{n + 1, C) is then one point (see the sentence before Lemma [2.7p . By Lemma [2.71 
the GL{n+ 1, C)-action is linearizable. However, the restriction of this action to SU{n, 1) 
is non-trivial since SU (n) C p{SU{n, 1)), n > 1, acts non-trivially on C”. This contradicts 
Lemma [2.41 Furthermore, D' 7 ^ C"’ \ {0}, C” \B”', since the U{n, l)-action extends to the 
action on C" by the Hartogs extension theorem. These cases come down to the C”'-case. 

SU{n,l) can neither act non-trivially on B” \ {0} nor B” \ B”. Indeed, if SU{n,l) 
acts, then p{SU{n, 1)) C U{n). Here we used Aut(B" \ {0}) = Aut(B" \ B") = U{n). By 
Lemma [131 this action is trivial. Thus D' 7 ^ B”\{0}, B”\B”,, since SU{n) C p{SU{n, 1)) 
acts non-trivially on D'. 

Clearly, B” is biholomorphic to the unit ball B”, and therefore, GU (n, 1) acts on C x B” 
as fractional linear transformations (see Introduction). Consequently, we see that D' = B” 
for some r > 0 . 

If D = 0, then H = C* X B”. If 75 7 ^ 0, then D = D' = B”. Indeed, by G(n)-action, D 
is an union of certain sets of the forms B”, B” \ B”, and B” \ { 0 }, where r' < r, s' < s < r. 
If 75 C 75', the GG(n, l)-action does not preserve 75, since U{n) C p(Gf/(n, 1 ))|d C 
PU{n, 1) as above. Here p{GU{n, 1))|_d is the induced action on 75' of p{GU{n, 1)). Thus 
75 = 75' = B”, and therefore 15 = C x B”. This proves the lemma. □ 

Remark 3.1. We remark here that this Lemma [3.21 is also valid when n = 1. It should be 
checked that 75' 7 ^ C, C*, C \ ©r, \ {0} and ©^ \ ©(., where ©^ = { 2 ; G C : | 2 ;| < r} and 

r > r' > 0. This can be proven as the proof of the following lemma. 

Lemma 3.3. The case ci = 0 and C 2 7 ^ 0 does not occur. 

Proof. If Oi 7^ 0, then by fl3.4p and (13.51) . = 1, -1- • • • -|- I'n'^ = 0, = 0 and 

z/n ^ = 1 for 1 < i < n. However this is a contradiction to Lemma 13.11 

We consider the case Oi = 0. As the proof of Lemma [3.21 15 C can be written of 
the form (75" x C") U (75'" x (C" \ {0})) by the G-action on 15, where 75" and 75'" are 
open sets in C, 75" C 75'", and since 15 is connected, 75'" is a connected open set in C. 
On the other hand, the function /g of / = (/o,..., fn) £ p{GU{n, 1)) does not depend on 
the variables {zi,..., Zn) by the second equation of (13.4p . Hence /o is an automorphism 
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of D'". Since U{1) acts linearly on D'", the domain D'" must be one of the open sets C, 
C*, C \ ©r, ©r, ©r \ {0} and ©r \ ©^, where ©r = {-s G C : |2;| < r} and r > r' > 0. 

By oi = 0, we have b = —a in fl3.2p . and therefore, if S 2 = —si/n, we have asi + bs 2 ^ 
/c G Z for Si G M. Note that 

(3.6) diag G S{U{1) x U{n)). 

Thus, by (13.2^ . we have a nontrivial SU{n, l)-action on the domain D'" in C. 

We now prove D'" ^ C. By Lemma [2.61 the SU{n, l)-action extends to a holomorphic 
action of SL{n + 1, C). The categorical quotient C"'//SL{n + 1, C) is then one point (see 
the sentence before Lemma l2.7p . By Lemma 12.71 the SL{n + l,C)-action is lineariz- 
able. However, the restriction of this action to SU{n, 1) is non-trivial. This contradicts 
Lemma 12.41 

Next we prove D'" ^ C*. Assume the contrary. Since Aut(C*) = {az^^ : a G C*} ~ 
C* X {±1} and SU{n, 1) is connected Lie group, we have a non-trivial Lie group homo¬ 
morphism from SU{n, 1) to C*. However this contradicts Lemma [2.41 

SU{n, 1) can not act non-trivially on C \ ©r, ©r, ©r \ {0} and ©^ \ ©(.. Indeed, the 
automorphism groups of these domains are isomorphic to U{1). If SU{n,l) acts, then 
p{SU{n, 1)) C U{1). By Lemma ITTl this action is trivial. Since SU{n, 1) acts nontrivially 
on D'", we see that D'" 7 ^ C \ ©,,, ©r, ©r \ {0} and ©^ \ ©(,. 

Finally, we prove D'" 7 ^ ©r. Assume the contrary. Then we have a non-trivial Lie 
group homomorphism from SU{n,l) to Aut(Dj,) = Pf/(1,1). However this contradicts 
Lemma [2.51 sincen > 1. We have proven Lemma [3.31 □ 


We consider, henceforce, the case C 1 C 2 7 ^ 0. 

Lemma 3.4. If C 1 C 2 7 ^ 0, then A := C 2 /C 1 = 02/01 G Z \ {0}. 

Proof. Take / G p{GU{n, 1)) \ G with the Laurent expansions (13.31) . Recall Lemma [3Tl 
If o[/^ 7 ^ 0 for some u = i^i°\ ..., r'n^) G Z x Z>q, 7 ^ (1, 0,..., 0), then it follows 

form fl3.4p and the assumption C 1 C 2 7 ^ 0 that z/q°^ — 1 7 ^ 0 and z/® 7 ^ 0. 

Hence C 2 /C 1 = 02/01 G Q and ( 01 , 02 ) 7 ^ (±1, 0), (0, ±1) by (13.41) . On the other hand, 
if o[/*^ 7 ^ 0 for some 1 < i < n and n = (r'o \ i'i \ ..., Vn'’) G Z x Z>q, 7 ^ (0,1, 0 ..., 0), 
..., (0, 0 ..., 0,1), then it follows from (13.hh and the assumption C 1 C 2 7 ^ 0 that 7 ^ 0 
and + • • • -|- — 1 7 ^ 0. In this case, we also obtain C 2 /C 1 = O 2/01 G Q and 

( 01 , 02 ) 7 ^ (±1,0), (0, ±1) by (13.5p . Consequently, we have 

A = 02 /Oi = C 2 /Cl G Q \ {0}. 

We now prove that A is a nonzero integer. For the purpose, we assume A ^ Z, that is, 
oi 7 ^ ±1. First we consider the case A < 0. Since ± • • • ± z/i*^ > 0 for 0 < i < n and 
Oi ,02 are relatively prime (see fl3.ip L we have, by (13.4p . 

z/® = 1 ± fc|o 2 | > 1 and z/|°^ ± ■ ■ • ± = k\ai\ > 0 , 

where k G Z>o, and, by (13.5p . for 1 < i < n, 

= /I 02 I > 0 and v’f H-h z/^ = 1 l\ai\ > 1 , 
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where I G Z>o. Hence, the Laurent series of the components of / G p{GU{n, 1)) are 

CX> 

(3.7) ^ 

k=0 |zy^|=A;|ap| 

and 

CX) 

(3.8) fi{zo, ...,Zn) = Y^ 

k=0 |t^^|=l+fc|ai| 

for 1 < i < n. Here we have written a® = a| 4 fc|a 2 | y') ~ ®(l4l i^')’ 1 

and we will use this notation if it is clear from the context what it means. We focus on 

the hrst degree terms of the Laurent expansions. We put 


(0) 

(1,0,...,0)^0’ 

E' (-r', 

b'l=i 

y\=i 

“(1,0,...,0) 
0 

0 

“'(0,1,0,...,0) 

0 

“(0,...,0,1) 

V 0 

(n) 

“(0,1,0,...,0) 

(n) 

“(0,...,0,1) 


(3.9) Pf{z) := 

As a matrix we can write 

Pf = 


Then it follows from fl3.7p and fl3.8p that 

P{f ° h) = Pf o Ph, and Pid = id, 
where h G p{GU{n, 1)), and therefore 

Pf G GL(n + 1,C) 

since / is an automorphism. Hence we have a representation of GU{n, 1) given by 

GU{n, 1)3 g^Pf e GL{n + 1, C), 


where / = p{g)- The restriction of this representation to the simple Lie group SU{n,l) 
is nontrivial since p(P(l) x U{n)) = U{1) x U{n). However this contradicts Lemma [2.41 
Thus it does not occur that A is a negative non-integer. 

Next we consider the case A > 0 and A ^ Z. Since + • • • + > 0 for 0 < i < n 

and Oi, 02 are relatively prime, we have, by fl3.4p . 

z/q°^ = 1 — ^1021 < 1 and z/4 + • • • + p® = A;|ai| > 0, 
where k G Z>o, and, by (I3.5p . for 1 < i < n, 

= —/|a 2 | < 0 and 4 *^ + • • • + = 1 + /|ai| > 1 , 

where I G Z>o. Hence, the Laurent series of components of / G p{GU{n, 1)) are 

CX) 

foizo, ...,Zn) = Y^ 

k=0 |z/^|=/c|ai| 
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and 

OO 

k=0 |r/^|=l+/!;|ai| 

for 1 < i < n. We claim that a|° q 7 ^ 0. Suppose the contrary. / and f~^ are dehned 
near the points (zq, 0,..., 0) for fixed Zq, and therefore 1-to-l near that point. However, 
since a|° ^ = 0, f{zo, 0,..., 0) = (0,..., 0) G for each zq, a contradiction. Take 

another h G p{GU{n, 1)) and put the Laurent series of its components: 

CO 

ho{zo, ...,Zn) = Y^ 

/c=0 |i/^|=/c|ai| 

and 

CX) 

hi{zQ, ...,Zn) = Y^ Y1 

k=0 |i/^|=l+/i;|aiI 


for 1 < i < n. We have ^ 7 ^ 0 as above. We consider the first degree terms oi f oh. 

For the first component 


fo{ho,...,hn) = afi]o,...,oY + Yl Y1 

k=l 

where h = (hi,..., h„). Then, for fc > 0, 

1 —fc|a 2 | 

1=0 |t''|=Z|ai| 


= 


1 —fc|« 2 | 


5 : 


1=0 |t/'|=Z|ai| 


= b' 


/O) 

( 1 , 0 ,-, 0 ) 


Zo 


1 —A:|a2| 


1 + 


1 - fc|a2| ^-\a2\ V^T(O)/ /Ni/' 


do) 

^( 1 , 0 ,..., 0 ) 


E^S(^T' + --- 


|i/'| = |ai| 


Thus ho{zY~^^°‘^^ has the maximum degree of zq at most l — k\a 2 \ < 1 and has the minimum 
degree of z' at least |ai| > 1 in its Laurent expansion. For \u'\ = k\ai\ and /c > 0, {h'Y 
has the maximum degree of zq at most — 1021 < 0 and the first degree terms of z' are with 
coefficients of a negative degree zq term in its Laurent expansion. Hence the first degree 
term of Laurent expansion of fo{ho, ■ ■ ■, hY) is 0)^(1 0 o)^o- 

Similarly, consider 


...,K)=j^ ydfc')-' + 1 ) 5^' a'-‘)hp'‘^'{hr' 

k=l liz^l^H-Zclail 

for 1 < i < n. Then, for k > 0, 


-k\a2\ 


= b 


(0) 

\l,0,...,0)^0 


-fc|a 2 | 


1 + 


-k\a2\ ^-\a2\ sr^'Ao)(iW 


do) 


‘0 


Ed“T')‘" + 


(1,0,...,0) k'l = |ai| 


Thus has the maximum degree of Zq at most —k\a 2 \ < 0 and has the minimum 

degree of z' at least |ai| > 1 in its Laurent expansion. For |i/'| = 1 + /c|ai| and fc > 0, 


—k\a 2 
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{h'Y' has the maximum degree of zq at most —|a 2 | < 0 and the hrst degree terms of z' 
are with coefficients of negative degree Zq term in its Laurent expansion. Hence the hrst 
degree terms of the Laurent expansions of fi(ho, ■ ■ ■, h„) is 

n 

j=l \u'\=l 

where e'^ = (1, 0,..., 0), ..= (0,..., 0,1) G Z”. We put Pf as fl3.9p . Consequently, 

P{f ° h) = Pf o Ph, and Pid = id, 

and therefore 


Pf G GL{n+ 1,C) 

since / is an automorphism. Then the same argument as that in previous case, A < 0, 
shows that this is a contradiction. Thus it does not occur that A is positive non-integer. 
We have shown that A G Z \ {0}. 

□ 


Remark 3.2. We remark for the Laurent series of the components of / G p{GU{n, 1)). We 
have A = 02/01 = C 2 /C 1 G Z and oi = ±1 by Lemma l3^ By Lemma l2Tl -[-• • ■ + Un'^ > 

0 for 0 < i < n. For the Laurent series of /o in fl3.3p . we have = 1 — kX and 
+ • • • + = /c > 0 by fl3.4p . where k G Z>o. For the Laurent series of fi in fl3.3p . 

= —IX and = 1 for 1 < z < n, where I G Z and / > —1 by (I3.5p . 

This is the difference between the case A ^ Z and A G Z. Hence, the Laurent series of 
components of / G p{GU{n, 1)) are 

CX) 

(3.10) fo{zo, ...,Zn) = Y^ 

k=0 \iy'\=k 

and 

CX) 

(3.11) fi{zo, ...,Zn) = 0)^0 +Y1 

k=0 \u'\=l+k 

for 1 < z < n. 


We record a lemma which can be proven in a similar way of the proof of Lemma 13.41 

Lemma 3.5. There exists an automorphism f G p{GU{n, 1))\G such that, in the Laurent 
expansions fl3.1ip above, at least one o/o|)^^q for 1 < i < n, does not vanish. 

Proof. If, for any /, all o|(^^q vanish, then 

... 0 ) '' 

0 


/ ( 0 ) 


Pf = 




( 0 ,l, 0 ,-, 0 ) 


V 


0 


o 


(n) 

( 0 , 1 , 0 ,..., 0 ) 


o 


o 


(0) 

0 ,.. 

1 ) 

( 0 ,..., 0 , 1 ) 

G) 

( 0 ,..., 0 , 1 ) / 
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gives a homomorphism from SU{n, 1) to GL{n+l, C) (when A = 1, q o)’ • • • ’ o i) 
may not be zero), as the proof of Lemma [3.41 Moreover it is nontrivial on {1} x SU{n). 
However, this contradicts Lemma [2.41 

□ 


Since G = p{G{U{l) x U{n))) acts as linear transformations on C it preserves 

the boundary dQ of 12. We now study the action of G on dQ. The G-orbits of points in 
(j^n+i consist of four types as follows: 

(i) If p = {po,pi,... ,pn) eC* X {C^\ {0}), then 

(3.12) G ■ p = {{zq, ..., Zn) G \ {0} : —a\zo\‘^^ + + • • • + \zn\'^ = 0}, 

where a := (|pip +-h IPnl"^)/\Po\‘^^ > 0 and A G Z \ {0} by Lemma 13^ 

(ii) If p' = (0,Pi, ...,p'n) G \ {0}, then 

(3.13) G-p' = {0}x(C"\{0}). 

(hi) If p" = {pq, 0,..., 0) G \ {0}, then 

(3.14) G-p" = C* X {(0,...,0) G C"}. 

(iv) If p"' = (0,..., 0) G then 

(3.15) G ■ p'" = {0} C 


Lemma 3.6. Assume ciC 2 7 ^ 0. // 

12 n (C* X (C” \ {0})) = C* X (C^ \ {0}), 
then 12 is equal to or \ {0}. 

Proof. If 12 n (C* X (C"" \ {0})) = C* X (C” \ {0}), then 12 equals one of the following 
domains by the G-actions of the type fl3.13p . (13.141) and (13.151) above: 

\ {0}, C X (C" \ {0}), C* X C" or C* x (C" \ {0}). 

Clearly GU{n, 1) acts on and \ {0} by matrix multiplications. We will prove 
that, for the latter three domains, GU{n, 1) does not act effectively. By (13.101) and (13.111) . 
Laurent expansions of / G p{GU{n, 1)) C Aut(12) are 

00 

fo{Zo, ...,Zn) = J2 

k=0 \u^\=k 

and 

00 

fi(zo, ...,Zn)= a(^,o,...,0)^0 +Y1 

k=0 \u'\=l+k 

for 1 < 1 < n, where A G Z, \ {0}. 

Suppose 12 = C* X (C"'\{0}). / and f~^ G Aut(C* x (C"\{0})) extend holomorphically 
on C* X C", therefore / G Aut(C* x C""). There exists / G p{GU{n, 1)) such that some 
®(Ao 0 ) vanish, by LemmaHowever such / does not preserve C* x {0}, this 

contradicts that / G Aut(C* x (C” \ {0})) and / G Aut(C* x C"). 

We can also prove 12 7 ^Cx (C’*\{0}) in the same way. 
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Finally we suppose 17 = C* x C”. Put an automorphism w\ G Aut(17) by zux{z) = 
(zo,ZqZi, ... ,ZQZn)- Then p{GU{n, l))zux is a subgroup of Aut(17). For h = o/o 
zux =: {ho,...,hn), f G p{GU{n,l)), we have 


(3.16) 


and 

(3.17) 


CX) 

ho{Zo, Zu . . . , Zn) = ZoY^ Y 

k=0 \u'\=k 


hi{zo,Zi, ...,Zn) 


(i) y^oo 

“(A,0,...,0) ^ Z^fc=0 


2 ^|v'|=l+fc 




for 1 < i < u. Thus we have an action of GU{n, 1) on C"' by (hi,..., h„), since hi for 
1 < i < n do not depend on zq- Note that f/(n)-action on C" is still linear. Then, by 
Lemma [2.61 and Lemma 12.71 Gt/(n, l)-action on C” is linearizable, since the categorical 
quotient C"//f/(n) is just one point and G[/(n,l) is a reductive group. However this 
contradicts Lemma [2.41 since {1} x SU{n) C SU{n, 1), n > 1, acts non-trivially. 

□ 


Let us consider the case 17 fl (C* x (C” \ {0})) 7 ^ C* x (C"" \ {0}). Then we have 
c717 n (C* X (€"■ \ {0})) 7 ^ 0. Thus we can take a point 

p = (Po, • • • ,Pn) e ai7 n (C* X (cn {0})). 

Let 

a := (biP H-^ \Pn\‘^)/\po\^^ > 0 , 

Aa,A := {(^0) • • • ) Zn) G : —a\zQ\^^ + + • • • + \Zn\^ = 0}. 

Note that 

<917 D 

by the G-action of the type 03.121) . If A > 0, then 17 is contained in 

= {kiP 9- 1 “ knp > 

or 

c^;A = {i^ir+---+i^nr<ai^orn- 

If A < 0, then 17 is contained in 

^;A = {(kiP + ---+knP)ko|-^">a} 

or 

G-x = {{W? + ---+\^n?)\Zo\-^"<a]. 

Let us hrst consider the case c717 = Aa^x-, that is, 17 = G^y^, D~y^ or G~y^. 

Lemma 3.7. If^l = then A = 1 and 17 is biholomorphic to 17"'’^. 

Proof. If A = 1, there exists a biholomorphic map from 17 to by 

$ : 3 {zq, Zi,...,Zn) I—^ {a^^'^Zo, Zi,..., z^) G C"+b 
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If A 7 ^ 1, then by Remark ^TR for / G p{GU{n, 1)), the Laurent expansions of its compo¬ 
nents are 

rv^ 

JO) ^l-kXf /\u' 


fo{zo,...,Zn) = J2Yl 

k=0 \u'\=k 


and 


fi(^ZQ, ■ ■ ■ 1 zj) n 


(h .A 

(A,0,...,0)^0 


^-k\( J\y' 


'Zq [Z 


E E J 

k=0 \v’\=l+k 

for 1 < i < n. Since fl {zq = 0} 7 ^ 0, it follows that the negative degree terms of Zq 
do not appear in the Laurent expansions. Therefore 

/o(^0) ■ ■ ■ 1 zj) 

and 


fi{zo, ...,Zn)= ajj 0 0)^0 + Y1 “i'' 


'' Ji)jY 




for 1 < i < n. Consider 


Pf{z) = j ^ 0 )^ 0 , Y1 • • •) 5^ j . 

V W\=^ l^'l=i / 

Then Pf gives a representation of GU{n, 1) by 

Pp : GU{n, 1)3 P{p{g)) G GL{n + 1, C), 

as in the proof of Lemma [231 and we showed that this can not occur by Lemma [231 Thus 
A = 1 and fl is biholomorphic to D^’^. 

□ 


Lemma 3.8. Iffl = G^y^, then fl is biholomorphic to 
Proof. Indeed, there exists a biholomorphic map from fl to by 
$' : 9 (zo, Zi,...,Zn) I—t z^Zi ,..., z^zj) G 

□ 


Lemma 3.9. fl 7 ^ D^y^. 

Proof. Assume fl = Dfy^. Without loss of generality, we may assume a = 1. Then is 
biholomorphic to C* x (C” \ B^) by a biholomorphism 

(3.18) : (Zo, Zi,...,Zn)^ {zq, Zq^Zi, ..., Zq^zJ). 

The Gt/(n, l)-action on C* x (C” \ B") induced by this biholomorphism are given by 
o / o cjja for / G p{GU (n, 1)), and U{1) xU (n)-action on C* x (C" \B”) is still linear. 
Then, by n > 1, the GU{n, l)-action extends holomorphically on C* x C"'. However we 
have shown in the proof of Lemma [3.6! that GU{n, 1) does not act effectively on C* x C” 
through wf^pw\. Thus this is a contradiction, and the lemma is proven. 

□ 


Lemma 3.10. fl 7 ^ 
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Proof. Suppose Then, for / G p{GU{n,l)), the Laurent series of the compo¬ 

nents are 


and 


fo{zo, ...,Zn) = Y^ 

k=0 \u'\=k 


Mzo, ■■■,Zn)= 

k=0 \u'\=l+k 


ioT 1 < i < n. Since {zq = 0} 7 ^ 0, must be vanish. However this 

contradicts Lemma [3.51 

□ 


Let us consider the case dPL Y ^a,\- We prove that, in this case, GU{n, 1) does not act 
effectively on H, except Case (I-iii) below. 

Case (I): {dQ \ Aa,x) C (C* x (C” \ {0})) = 0. 

In this case, dQ is the union of Aa,x and some of the following sets 

(3.19) {0} X (C*" \ {0}), C* X {0} or {0} C 

by the G-actions on the boundary of the type fl3.13p . fl3.14p and fl3.15p . If H C then 
the sets in fl3.19p can not be contained in the boundary of H. Thus we consider only the 
cases n C and C-^. 

Case (I-i): !J C B+,, 

In this case, C* x {0} can not be a subset of the boundary of H, and {0} G Aa^x- Thus 

aH = H,,,U({0 }xC"), 

^ = ^:A\({o}xn. 

Then H is biholomorphic to C* x (C"’ \ by a biholomorphism of the form in fl3.18l) . 
Thus, as the proof of Lemma 13.91 this case does not occur. 

Case (I-ii): H C G'^^ 

In this case, {0} x (C” \ {0}) can not be a subset of the boundary of H, and {0} G ^a,A- 
Thus 

aH = H„,AU(Cx {0}), 

h = g;,\(cx{ 0 }). 

Then in (13.lip must vanish since / G p{GU{n, 1)) preserves C* x {0}, and this 

contradicts Lemma 13.51 Thus this case does not occur. 

Case (I-iii): C Gf^^. 

In this case, H coincides with one of the followings: 

C'l = C'a';A\({0}xnU(Cx{0}), 

C'2 = G-,\({0 }xn, 

G 3 = G-,\(Cx{ 0 }), 

C 4 = C-, \ {0 e C”+‘}. 
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Then Q ^ Ci, since / G p{GU{n, 1)) preserves C* x{0} only if all in fl3.1ip vanish, 

and this does not occur by Lemma [331 C 2 is biholomorphic to by a biholomorphism 
{zo, Zi,..., Zn) ^ {zq, ar^l’^z\~^zx ,..., a~^^^zl~^Zn), 

and therefore GU{n, 1) acts effectively. If hi = C 3 or C 4 , then hi fl { 2:0 = 0} 7 ^ 0. Hence in 
the Laurent expansions fl3.1ip of / G p{GU{n, 1)), for 1 < i < n, must vanish, 

and this contradicts Lemma 13.51 Thus these cases do not occur either. 

Case (E): {dn \ H,,a) H (C* x (C^ \ {0})) ^ 0. 

In this case, we can take a point p' = (pq, ... ,p'„) G \ Aa^x) n (C* x (C" \ {0})). We 
put 

&:=(b'ir+---+iKr)/bor">o, 

Bb,\ '■= {(^0) ■ ■ ■) ^n) £ : —b\zo\'^^ + \zi\'^ + ■ ■ ■ + = 0}. 

We may assume a > b without loss of generality. 

Case (E-i): dil = Aa^x U Bb^x- 
Since H is connected, it coincides with 

< kir + --- + kni' < al^oT^}, 

or 

^a,\ -^6,A = {^ < (klT S-1" l^nHl^ol < «}• 

By the biholomorphic map in (I3.18p . these domains are biholomorphic to C* x M^{a,b), 
where 

]B”(a, b) = {(.^ 1 ,..., Zn) G C"" : fe < |.Zi |^ + • • • + < a}. 

However this implies that = 0 in fl3.1ip (see also fl3.17lB since the GU{n, l)-action 

extends to the domain C* x B” and preserves C* x B^. Therefore this contradicts Lemma 
13.51 Thus this case does not occur. 

Case (E-ii): dD. 3 Aa^x U Bb,x- 

Suppose {dQ \ {Aa^x U Bb^x)) H (C* x C” \ {0}) ^ 0. Then we can take 

p" = {Po, ...,p:)e{dQ\ {An,x u Bb,x)) n (C* X C" \ {0}). 

We put 

c=m^ + ---+\p'X)/\pT, 

Gc,X = {(^0; • • • , Zn) G : —c\Zo\'^^ + + • • • + \Zn\^ = 0}. 

Then we have Aa,x U Bb,x U Gc,x C dfl. However H is connected, this is impossible. 
Therefore this case does not occur. Let us consider the remaining case: 

(an \ (h„,a u Bb,x)) n (c* X c" \ {o}) = 0. 

However, C* x {0}, {0} x (C" \ {0}) and {0} G can not be subsets of the boundary 
of H since H C G^^^ fl or H C G~^ fl D^y Thus this case does not occur either. 

We have shown that if ciC 2 ^ 0, then H is biholomorphic to one of the following domains: 
C^+i, \ {0}, or ~ C* X B”. 

This completes the proof. 

□ 
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4 . The actions of GU{1,1) 
Now we prove the following theorem. 


Theorem 4.1. Let M be a connected complex manifold of dimension 2 that is holomor- 
phically separable and admits a smooth envelope of holomorphy. Assume that there exists 
an injective homomorphism of topological groups po : GU{1, 1) —)■ Aut(M). Then M is 
biholomorphic to one of the four domains C^, \ {0}, ~ C* x D or C x D. 


Proof. By Lemma 12.31 and the comments after that, we can assume M is a Reinhardt 
domain 12 in C^, and the U{1) x f/(l)-action on 12 C is linear. We will prove that 12 
is biholomorphic to one of the four domains C^, \ {0}, ~ C* x D or C x D. 

Put a coordinate (^ 1 ,^ 2 ) of C^. Since p(C*) is commutative with p(t/(l) x 17(1)) = 
17(1) X 17(1), Lemmatells us that p{C*) C n(12), so that we have 


p ^g27ri(s+it)^ _ |■g27r^{al^^+(6l+^Cl)t}^ g27ri{a2S+(62+*C2)t}j g p(C* 


where s, f e M, oi, 02 G Z, 61, 62, Ci, C2 G M. Since p is injective, oi, 02 are relatively prime 
and (ci,C2) 7 ^ (0,0). For ^£2™!^ g2ms2^ G 17(1) x 17(1), si,S2 G M, we have 

( 4 . 1 ) p (diag = diag ^ ^2.i{cs,+ds,)i^ G p( 17 (l) x 17 ( 1 )), 

where 

(j j)6Gi(2.Z). 


since p is injective, and we have a + h = ai and c + d = 02 . To consider the actions of C* 
and 17(1) x 17(1) on 12 together, we put 

G{U{1) X 17(1)) = {e-2^Miag[Mi,M2] G G17(l,l) : t G M,Mi,M2 G 17(1)} . 

Then we have 


G := p{G{U{l) X 17(n))) 

= (diag G GL{2,C) : t G M, Mi,M2 G 17(1)} . 

Note that G is the centralizer of 17(1) x 17(1) in p{GU{n, 1)). 

Let / = (/i, / 2 ) G p(G17(l, 1)) and consider the Laurent series of its components: 


(4.2) fi{zi, Z 2 ) = 

for z = 1, 2. As Lemma 13.11 in the proof of Theorem 13.11 we have: 

Lemma 4.1. For any f G p(G17(l, 1))\G, there exists u G 7 ^ (1)0), such that 7 ^ 0 
in 04.21) . or there exists 1 / G Z^, 7 ^ (0,1), such that 7 ^ 0 m 04.21) . 

By Remark 13.11 after Lemma 13.21 in the proof of Theorem 13.11 we have 

Lemma 4.2. If C 1 C 2 = 0, then 12 is biholomorphic fo C* x © or C x ©. 

We consider the case C 1 C 2 7 ^ 0. Since C* is the center of G17(l, 1), it follows that, for 
/Gp(Gf/(l,l)), 

p ^ f ^ fop (e2^i(s+*p^ _ 
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By fl4.2p . this equation means 

^2iTi{ais+{bi+ici)t} ^ 




,(i) 


'y q( 1) ^g27ri{ais+(6i+jci)t}^^^'^i ' ^^2TTi{a2S+{b2+ic2)t}^^'^‘'2 
u 

y ^(1)^2ni{ais+{bi+ici)t}u[^'^ ^2TTi{a2S+(b2+ic2)t}u^^'^ 


( 1 ) 


and 


^2-Ki{a2S+(b2+ic2)t} 




a‘?z‘- 




( 2 ) ( 2 ) 
^27ri{ais+(fei+ici)t}^^^ ^1 ^^27Ti{a2S-\-{b2^ic2)t} , ^ 






{1} 2TTi{ais+{bi+ici)t}u[^y27Ti{a2S+{b2+ic2)t}u^^^ u 


a), 'e 


z . 


Thus for each z/ G we have 

g27ri{ais+(6i+ici)t}^(l) _ ^2Tri{ais+{bi+ici)t}u[^^ ^2Tri{a2S+{b2+ic2)t}u^^^ ^(1) 

and 

^2Tri{a2S+{b2+ic2)t} ^(2) _ ^2TTi{ais+{bi+ici)t}i2[^^ ^2Tri{a2S+(b2+ic2)t}i2^^^ ^(2) 

Therefore, if al}'^ 7 ^ 0 for i/ = 1 ^ 2 ^^), we have 

- 1 ) + a2i22^ = 0 , 

- 1 ) + 021^^2^ = 0 , 

and if a^u'^ ^ 0 ioi u = {iy^\ we have 

aiu[^^ + a2{yf^ - 1 ) = 0 , 
ciz/f^ + €2(1^2^^ - 1 ) = 0 . 

Lemma 4.3. If C 1 C 2 7 ^ 0, then A := C 2 /C 1 = 02/01 G Q. 


(4.3) 


(4.4) 


Proof. The proof appeared at the beginning of that of Lemma 13.4[ The lemma follows 
from Lemma [ 4.11 fl4.3p and fl4.4p . We omit the proof. □ 

Since oi and 02 are relatively prime, we have = (1 + fco 2 , —/coi) by fl4.3p . 

and (i^i , 1^2 ) = (^® 2 ,1 — Itti) by fl4.4p . where k,l E 'Z. Then the Laurent series of the 
components of / G p{GU{l, 1)) are 


(4.5) 

and 

(4.6) 




(1) yl+fca2 y-fcai 


keZ 


f2{Zi, Z2) - ^ 


V 


(2) ka 2 1-kai 


= > ayzj^ ‘z 


kez 


Since G = p(G(G(l) x G(l))) acts as linear transformations on fl C C^, it preserves 
the boundary df2 of hi. We now study the action of G on df2. The G-orbits of points in 
consist of four types as follows: 

(i) If p = {pi,P2) E C* X C*, then 

(4.7) G-p= {(^ 1 ,^ 2 ) e C* X C* : -a|zipl“il^ + |z 2 p'“'' = 0}, 
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where a := > 0 and A = C 2 /C 1 = 02/01 G Q by Lemma lOl 

(ii) If p' = ( 0 ,^ 2 ) G \ {0}, then 

(4.8) G-p' = {0}xCL 

(hi) If p" = {p'l, 0) G C2 \ {0}, then 

(4.9) G'-/ = C*x{0}. 

(iv) lip'" = (0,0) G C2, then 

(4.10) G • p"'= {0} C C^. 


Lemma 4.4. If 


nn{c* X c*) = c* X c*, 


then is equal to or \ {0}. 


Lemma 14.41 is similar to Lemma 13.61 but the proof is a bit different from that of 
Lemma [ 3 . 6 1 and longer than it. 

Proof. If fl n (C* X C*) = C* X C*, then equals one of the following domains by the 
G-actions of the type fl4.8p . fl4.9p and fl4.10p above: 


\ {0}, C X C*, C* X C or C* x CL 


Clearly GG(1,1) acts on and \ {0} by matrix multiplications. For the latter three 
domains, Gt/(1,1) does not act effectively. 


Case: C* x C 

Suppose = C* X C. Then, in fl4.5p and fl4.6p . there is no negative degree term of Z 2 
since Q fl {z 2 = 0 } 7 ^ 0 . 

First we assume |ai| 7 ^ 1. If A < 0 , then the Laurent series of the components of 
/ G p(Gf/(l, 1)) are 



and 



We put 



As a matrix we can write 



Then it follows that 


° h) = Pf o Ph, and Pid = id. 


where h G p{GU{l, 1)), and therefore 


Pf G GL(2,C) 
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since / is an automorphism. Hence we have a representation of GU{1, 1) given by 

GU{Gl)3g^Pf eGL{2,C), 

where / = p{g). The restriction of this representation to the simple Lie group SU{1, 1) 
is nontrivial since p{U{l) x ?7(1)) = U{1) x 17(1). However this contradicts Lemma [2.41 
Thus the case A < 0 does not occur. 

If A > 0, then the Laurent series of the components of / G p{GU{l, 1)) are 

(4.11) 

and 

(4.12) A(*-i,Z2)= 5^ 

We claim that q) ^ Iiideed, if q) ~ then f{zo, 0) = (0, 0). This is a contradiction 
since / is an automorphism. Take another h G p{GU{l, 1)) and put the Laurent series of 
its components: 

keZ>o 


We have 7 ^ 0 as above. We mention the hrst degree terms of / o h. For the hrst 
component 

/i(hi,h 2 ) = ^ 


Then, for fc > 1, 


l-k\a2\ / 00 \ 1-A;|a2| 


1=0 


) y-fc|a 2 | / i-k\a 2 \ H) 

\ '^( 1 , 0 ) 


(l-|a2|,|ai|)^l 


1=0 

-|a2| Jail 


' ‘'-22 *' + 


Thus hi{z)^ has the maximum degree of zi at most l — k\a 2 \ < 1 and has the minimum 
degree of Z 2 at least |ai| > 1 in its Laurent expansion. For k > 0, has the maximum 
degree of zi at most — |a 2 | < 0 and has the minimum degree of Z 2 at least fc|ai| > 1 in 
its Laurent expansion. Hence the hrst degree term of Laurent expansion of fi{hi,h 2 ) is 

®(i^o) ^( 10 )^ 1 - Similarly, consider 


/ 2 (hi, /i 2 ) 



k=l 
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Then, for fc > 0, 


^-k\a,\ 



-k\ci2\ 



^I® 2 |,( 1 ) ^-|a2L|ai| 

(1) '^(l-|a2|,|ai|)^l ^2 

'^( 1 , 0 ) 



1 


therefore, has the maximum degree of zi at most —k\a 2 \ < 0 and has the minimum 

degree of Z 2 at least |ai| > 1 in its Laurent expansion. For k > 0, h 2 has the maximum 
degree of zi at most — |a 2 | < 0 and has the minimum degree of Z 2 at least 1 + /c|ai| > 1 in 
its Laurent expansion. Hence the hrst degree term of the Laurent expansion of f 2 {hi, /i 2 ) is 
®(o 1)^(0 1 )^ 2 - Consequently, the hrst degree terms of the Laurent series of the components 
of the composite f oh are the composites of the hrst degree terms of Laurent expansions 
of / and h. We put 


Pf{z) := (a(;jo)^i,a(op)^ 2 ) 

As a matrix we can write 

f o'! 0 

0 

Then it follows from above computation that 

P{f oh)=Pfo Ph, and Pid = id. 


and therefore 


Pf e GL{2,C) 


since / is an automorphism. Hence we have a representation of GU{1, 1) given by 


GU{l,l)3g^PfeGL{2,C), 


where / = p{g). The restriction of this representation to the simple Lie group *S'P(1,1) 
is nontrivial since p{U{l) x P(l)) = f/(l) x U{1). However this contradicts Lemma [2.41 
Thus the case A < 0 does not occur either. 

Next we assume |ai| = 1, that is, A G Z. We put an automorphism ujx G Aut(f2) by 
wx{z) = {zi,ZiZ 2 ). Then w^^p{GU{l, l))zux is a subgroup of Aut(H). Then, 


° p{e owx{zi,Z 2 ) 




xi,e 


2TTi{b2+ic2)t X 


Z^Z2) 


2TTi{-X{bi+ici)+{b2+ic2)}t 

2mX{-bi+b2)t 


Here we used the equations —Aci + C 2 = 0 by Lemma 14.31 Hence this case turns out to 
the case C 2 = 0 of the C*-action. However, by Lemma 14.21 this is a contradiction. Thus 
this case does not occur. 

Consequently, the case H = C* x C does not occur. Either, the case H = C x C* does 
not occur. 


Case: C* x C* 

Suppose H = C* X C*. Since oi and 02 are relatively prime, there exists 


A 




G SL(2,Z), 
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such that 


f flu ai2\ f \ 

^21 022/ V“®V W 


We put an automorphism 7^ G Aut(r 2 ) given by 7^(2;) = The inverse 

of 7 a is 1a^{z) = (^“22^2’“^') 4 “) = 1 a-A^)- Then the group 7/V(<T?7(l, 1 )) 7 a is a 

subgroup of Aut(r 2 ), and 


7/^ O p(e- 2 "‘) o 7 a(Zi, Z2) = 7-l(e2"f(fel+-i)t}^an^a2i^ g2.*{fe+ic2)t}^ai2^a22) 


_ ^^2TTi{a22(bi+ici)-a2i{b2+iC2)}t g 27 ri{-ai 2 (&i+ici)+aii(fe2+*C2)}t^^^ 

_ ^^2Tri{a22bi-a2ib2)t g27ri{(-ai2fei+aiife2)+*ci/ai}t^^^ 


Here we used the equations 02201 — 02102 = 01(022 — 021O2/01) = 01(022 — 021O2/01) = 
01/01(02201 — 02102) = 0 and —012O1 + 011C2 = 0i(—O12 + O11C2/01) = ci(—012 + 011O2/01) = 
Ci/oi which follows from Lemma [ 4.31 Hence this case turns out to the case Ci = 0 of the 
C*-action. However, by Lemma this is a contradiction. Thus this case does not occur. 

□ 


Let us consider the case hi fl (C* x C*) 7^ C* x C*. Then we have dil fl (C* x C*) 7^ 0. 
Thus we can take a point 

P = (PGP2) G n (C* X C*). 

Let 

« (|P2|V|Pl|“)'“‘' > 0. 

Aa,A := {(^1, Z2) G : -o|zi/l“il^ + |^2p'“^' = 0}. 

Note that 

on D 

by the G-action of type fl4.7p . If A > 0, then hi is contained in 

B 7 „ = {|.- 27 ‘l>a| 2 ,|«} 
or 

< 0^7'“'}. 

If A < 0, then n is contained in 

= {|227‘77“'> a} 

or 

c-„,« = {l^^l"“‘A 7 '"'< a}. 

Clearly, and C+_, are biholomorphically equivalent, so we analyze 

Let us first consider the case dQ = that is, Q = Da,ai,a 2 ^ ^a,ai,a 2 or Ca,a^,a2- 

Lemma 4.5. If VL = then I02I = 1 and hi is biholomorphic to 

Proof. Since hi fl {zi = 0} 7^ 0, by (14.Ah and (14.bh . the Laurent series of the components 
of / G p{GU{l, 1)) are 

Mzuz,)= Y1 

A:eZ>_i 
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and 

A:eZ>o 

where, a(iL|a 2 | |ai|) = 0 if \a 2 \ 7 ^ 1. However if \a 2 \ 7 ^ 1, this contradicts Lemmaas the 
proof of Lemma Sin for Case: C* x C, A > 0. Therefore H and H 

is biholomorphic to by 

$ ; H 9 {zi,Z2) ^ e 

□ 


Lemma 4.6. H ^ ^a,ai,a 2 - 

Proof. Assume H Then we see that, using the biholomorphism = 

x^“^^X 2 “)(see Case: C* x C* in the proof of Lemma ITT|) . is biholomorphic 
to (C \ Da) X C*. Then the group p{GU{l, l))7yi is a subgroup of Aut( 7 )^^(f 2 )), and 

7A^ 0 7a(A,- 22) = (e 2 "(“ 226 l-a 2 ib 27 _^^^g 2 «{(-ai 26 l+aii 62 )+ici/ai}t_^^^^ 

by Lemma 14.31 Hence this case turns out to the case Ci = 0 of the C*-action. However, 
by Lemma 14.21 this is a contradiction. Thus this case does not occur. 

□ 


Lemma 4.7. H ^ C'a_ai,a 2 - 

Proof. Suppose H = C^ai a 2 - ^4.5p and (14.6p . the Laurent series of the components of 

/ e p{GU{l, 1)) are 

CXD 

/c=0 

and 

CX) 

/c=0 

since hi {zi = 0} 7 ^ 0, for i = 1, 2. Consider 

Pf{z) = (a|;jo)A,a® ^^ 2 ) • 

As in the proof of Lemma 14.41 it follows that 

P{f oh)=Pfo Ph, and Pid = id, 

and therefore 

Pf e GL{2,C) 

since / is an automorphism. Hence we have a representation of GP(1,1) given by 

GU{Gl)3g^PfeGL{2,C), 

where / = p{g). The restriction of this representation to the simple Lie group *S'P(1,1) 
is nontrivial since p{U{l) x P(l)) = U{1) x P(l). However this contradicts Lemma [2.41 
Thus the lemma is proved. 

□ 
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Let US consider the case dfl ^ AqA- prove that in this case GU{1, 1) does not act 
effectively on hi, except Case (I’-ii) below. 

Case (I’): {dVL \ Aa,x) n (C* x C*) = 0. 

In this case, dQ is the union of Aa^\ and some of the following sets 

(4.13) {0} X C*, C* X {0} or {0} C 


by the G-actions on the boundary of type fl4.8p . fl4.9p and fl4.10p . If hi C then 

the sets in fl4.13p can not be contained in the boundary of hi. Thus we must consider only 
the case hi C or C“ , 

a,Cli,Cl2 (l,(li,(l2 

Case (I’-i) : !J C 

In this case, C* x {0} can not be a subset of the boundary of hi, and {0} G Aa^x- Thus 


afi = Ai,,AU({o}xC), 

= Kaua. \ ({0} X C). 

Then hi is biholomorphic to and this contradicts Lemma WM. Thus this case does 

not occur. 

Case (I’-ii): C 

In this case, hi coincides with one of the followings: 


C*! = \ (C X {0}) U ({0} X C), 

^^2 = \ (C X {0}), 

C's = \ ({0} X C), 

^^4 = \ { 0 }. 

Then we see that Gi C C* x C*, and using biholomorphism 7 ^^ (see Case: C* x C* in 
the proof of Lemma [4.41) . Gi is biholomorphic to \ {0} x C*. Then, as the proof of 
Lemma [4.61 this contradicts Lemma [4.21 Thus this case does not occur. 

Suppose n = G 2 . In this case, we have hi ~ -D^aia 2 ’ therefore hi ~ by 
Lemma 14.51 

If n = G 3 , then as the case C 2 above, we see that hi ~ — -^a-ia 2 ai’ 

~ by Lemma IT31 

Suppose n = G 4 . Then hi n {z, = 0} 7 ^ 0 for i = 1, 2. Hence as the proof of Lemma 
14.71 we derive a contradiction. Thus this case does not occur. 


Case (E’): {dVt \ Aa,x) n (C* x C*) ^ 0. 

In this case, we can take a point p' = (^ 1 ,^ 2 ) ^ (*9^ \ ^a,x) Ll (C* x C*). We put 

Bm := {(zuZ2) 6 c" : = 0}. 

We may assume a > b without loss of generality. 

Case (E’-i): dil = Aa^x U B^^x- 
Since H is connected, it coincides with 




|2|ai| 


| 2 |a 2 |- 


or 


^a,a\,a2 ^ ^b,a\,a2 


= {b < < a}. 
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These domains are subdomains of C* xC*. We see that using the biholomorphism 7 ^^ (see 
Case C* X C* in the proof of Lemma lT4|) . these domains are biholomorphic to x C*, 
where lD)(a^6) = {h < \zi\^ < a]. Indeed, 


U‘(c:a.,»nr'h.») = {6IT‘4“r'““' < < a|T‘4"T'““'} = (6 < kil*' < «}. 


and similarly 

n J = {6 < <«} = F < l^i|“ < a}. 

Then, as the proof of Lemma 14.61 this contradicts Lemma 14.21 Thus this case does not 
occur. 

Case (n’-ii); dfl 7 ^ Aa,A U Bb,x- 
Suppose {dQ \ Aa^x U Bb^x) H (C* x C*) 7 ^ 0 , then we can take 

f = iPi,P 2 ) e {dn \ Aa,x u Bb,x) n (C* X c*). 


Then put 

c=(Kl7Kr)'“‘'. 

Cc.x = {(zi. 22 ) e c" : = 0}. 

We have Aa^x U Bb^x U Cc,x C dfl. However H is connected, this is impossible. Therefore 
this case does not occur. Let us consider the remaining case: 


(aH\H,,AUHb,A)n(C* xC*) = 0. 

However, C* x {0}, {0} x C* and {0} G can not be subsets of the boundary of H since 
or fl C Dij y Thus this case does not occur either. 

We have shown that if C 1 C 2 7 ^ 0, then H is biholomorphic to one of the following: 

C2,C2\{0} OT D^’\ 


□ 


5. The actions of GU{p,q) for p, g > 1 
Now we prove the following theorem. 

Theorem 5.1. Let p,q > 1 and n = p + q. Let M he a connected complex mani¬ 
fold of dimension n that is holomorphieally separable and admits a smooth envelope of 
holomorphy. Assume that there exists an injective homomorphism of topological groups 
Po : GU{p,q) —;■ Aut(M). Then M is biholomorphic to one ofC^, C" \ {0}, or 
GP’L 

Proof. The proof is similar to that of Theorem 13.11 and in this case simpler. By Lemma [T3] 
and the comments after that, we can assume that M is a Reinhardt domain H in 
Lf{q) X 17(p)-action on H C is linear and We will prove that ft is 

biholomorphic to one of the four domains \ {0}, or G^’^. 

Put a coordinate {zi,... A+q^ • • •, -^p+g) of Since p(C*) is commutative with 

p{TP'^‘i) = T^+5 (7 Aut(r2), Lemma [T2] tells us that p(C*) C n(f2), that is, p(C*) is 
represented by diagonal matrices. Furthermore, p(C*) commutes with p{U{q) x U{p)) = 
U{q) X f/(p), so that we have 

p = diag ^^^^ 2 ^i{a 2 sAb 2 Ac 2 )t}^ 
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where s,t G M, ai,a 2 G Z, 6 i, 62 , Ci, C 2 G M. Since p is injective, 01,02 are relatively 
prime and (ci,C 2 ) 7 ^ (0,0). Since Tq^p is the center of the group U{q) x U{p), we have 
piTq^p) = Tq^p C Aut(r2). To consider the actions of C* and U{q) x U{p) on hi together, 
we put 

G{U{q) X U{p)) = . diag [t/i, I 72 ] G GU{p, g) : t G M, 17i G t/(g), G U{p)] . 

Then we have 

G := p{G{U{q)xU{p))) 

= {diag G GL{p + g, C) : f G M, Gi G f/(g), f /2 G U{p)] . 

Note that G is the centralizer of Tq^p = piTq^p) in p{GU{p, g)). 

Let / = (/i,..., /q, /i+q,..., fp+q) G p{GU (p, g)) and consider the Laurent series of its 
components: 


(5.1) . . . , Zq, Zl-^-q . . . , ^p+q) ^ j 

ueZp+'3 

As Lemma [ 3 .II in the proof of Theorem 13.11 we have: 

Lemma 5.1. For any f G p{GU{p, q))\G, there exists v G , v ^ e\, eg, such that 
oi*^ 7^ 0 m fl5.ip for some 1 < i < q, or there exists v G , v 7^ Ci+q, ..., Cp+q such that 
oi*^ 7^ 0 m fl5.ip for some l + q<i<p + q, where ei = (1, 0,..., 0), 62 = (0,1, 0 ..., 0), 

..., Cp+q = (0 ,..., 0 , 1) are the natural basis oflP^^. 


By Lemma [2Tl there are no negative degree terms of zi,...,Zp+q in fl5.ip . Write 
n = {n', ]/"), where n' = (i^i ,.. .^Vq) and v" = (z/i+q,..., Vp+q), and \v'\ = Vi + ■ ■ ■ + Vq, 
\u''\ = Vi+q + • • • + r^p+q. Let US consider z/' G (^> 0 )”^ and u” G (Z>o)^, and put 


E'= E 

V i''e(z>o)'J,i/"e(z>o)p 


{z'Y' = z\^ ■ ■ ■ zY and {z"Y'' = zf^ff ■ ■ ■ ^pYg from now on. When we need to distinguish 
u for fi, 1 < i < p + q, we write u = z/0) = (z^|*\ ..., z^p+q). 

Since C* is the center of GU{p,q), it follows that, for / G p{GU{n, 1)), 


^^^2ni{s+it)^ O / = / O p(e^"("+**)). 

By 05.11) . this equation means 


^2wi{ais+{bi+ici)t}'y 


'y ^g27ri{ais+(bi+jci)Z}^/^i/'^g27ri{a2S+(62+jc2)t}^//^J^" 


y ''' ^2m{ais+{bi+ici)t}\u'\^27ri{a2S+{b2+ic2)t}\iy"\ 


for 1 < i < g, and 


g27ri{a2*+( 62 +*£ 2 )*} y 


y ''' ^g27ri{ai s+(bi+jci )t} ^g27ri{a2 s+( 62 +jc 2 )t} ^”Y" 


^^^Q^(*)g27ri{ais+(bi+ici)Z}|i/'|g27ri{a2S+(62+*C2)t}|j/"|^i^ 


u 
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for l + q<i<p + q. Thus for each v G we have 


g27ri{ais+(t)i+ici)t}^(i) _ ^2-Ki{ais+(bi+ic-i)t}\i/'\^2-Ki{a2S+{b2+ic2)t}\v"\^(i) 


for 1 < i < g, and 


2TTi{a2S+{b2+ic2)t}^{i) _ ^ 27 Ti{ais+(bi+ici)t}\u'\ ^2TTi{a2S+{b2+iC2)t}\u''\ 


= e 


a). 


for 1 


(5.2) 


< i < 

p T 

- g. Therefore, if a 

7^ 0 for 1 < z < g, we 

have 

[ cql 

' 7) 
Pi 

+ • • 

• + l^q 

* - 1) + 02(1^1 + 5 H-h z4 + g) - 

0, 

[ Ci( 

■ (i) 

.^1 


• + P? 

- 1) + C2{l^ilg H-h l^plg) = 

0. 

V 01 

for ; 

L + g 

< i < 

P + q, 

we have 


f Oil 

' 7) 
Pi 

+ • • 

1 7' 

• + Yg 

^) + 02^ 

(pj + g H-7 IZplg - 1) = 

0, 

\ Cli 

(i) 

.^1 


• + 

') +C2( 

^i+q “1-7 b'plg - 1) = 

0. 


(5.3) 


Lemma 5.2. ciC2 ^ 0. 


Proof. We assume ci = 0, C2 7^ 0. If oi 7^ 0, then by (15.21) . + ■ ■ ■ + r'q’ = 1, 


,h) 


(h I 
^l+q + ' 


+ ^p+q = 0, for 1 < i < g, and by (15.3p i/f +■ 


■ + i2q^ = 0 and p|+q + - 


■ + ^plq - 1 


for 1+g < i < p+q. However this contradicts Lemma [5Tl Therefore we assume ai = 0. As 
the proof of Lemma Q C can be written of the form {D x C^) U {D' x (C^ \ {0})) 
by G-action on hi, where D and D' are open sets in C^, D <Z D' and D' is connected. On 
the other hand, the functions /*, 1 < i < g, of / = (/i, ..., fp+g) G p{GU{p,q)) do not 
depend on the variables {zi+g, ..., Zp+g) by fl5.2l) . Hence (/i,..., fg) is an automorphism 
of D and D', i.e. GU{p, q) acts on D and D'. Since U{q) acts linearly on D', the domain 
D' must coincide with one of the following open sets: O, C'^\{0}, B^\{0} and 

B^ \ B^,, where B^ = {2 G C : \z\ < r} and r > r' > 0. Thus we have a topological group 
homomorphism from GU{p,q) to one of the topological groups Aut(C'^), Aut(C'^ \ {0}), 
Aut(C« \ if), Aut(B^), Aut(B^ \ {0}) and Aut(B^ \ if;). 

We now prove D' 7^ O. By Lemma 12.61 the f/(p, g)-action extends to a holomor- 
phic action of GL{p + g,C). The categorical quotient //GL{p + g, C) is then one 
point (see the sentence before Lemma 12.7p . By Lemma 12.71 the GL{p + g, C)-action 
is linearizable. However, the restriction of this action to SU{p,q) is non-trivial since 
S{U{q) X SU{p)) C p{SU{p,q)) acts non-trivially on O. This contradicts Lemma [T4l 
Thus D' 7^ C^. Furthermore, D' ^ C‘^ \ {0}, O \ B*?, since the U{p, g)-action extends to 
the action on by the Hartogs extension theorem. Thus these cases come down to the 
C^-case. _ 

SU{p, q) can not act non-trivially on B^, B^ \ {0} and B^\Bf, either. Indeed, if SU{p, q) 
acts, then p{SU{p, g)) C PU{q, 1) for the hrst case, and p{SU{p, g)) C 17(g) for the latter 
two cases. Here we used Aut(B^) = PU{q, 1) and Aut(B^ \ {0}) = Aut(B^ \ Bf,) = 17(g). 
By Lemma [2.51 and Lemma [2.41 these actions are trivial. Thus, these cases do not occur. 
Consequently, we see that the case Ci = 0, C2 7^ 0 does not occur. In the same manner, 
we can see that the case ci 7^ 0, C2 = 0 does not occur. □ 


Then we have 

Lemma 5.3. ai = 02 and |ai| = |a2| 


= 1 . 
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Proof. Take / G p{GU{p, q))\G with the Laurent expansions fl5.ll) . By Lemma [5Tl fl5.2p 
and fl5.3p . we have 

A ;= 02 /Oi = C 2 /Cl G Q \ {0} 

We hrst prove that A is positive. For this, we suppose that A is negative. Since \ u"\ > 0 
and Oi, 02 are relatively prime, we have, by fl5.2p . for 1 < i < g, 

H-h = 1 +/c|a 2 | and r'llg-\ - \-Oplg = k\ai\, 

where k G Z>o, and, by fl5.3p . for 1 + g < i < p + g, 

z/f ^ H- hz/W = /|a2| and H- h z^pjg = 1 +/|ai|, 

where I G Z>o. Hence, the Laurent series of the components of / G p{GU{n, 1)) are 

00 

(5.4) E' “fl"')"!"")""- 

k = 0 |t^^| = l + fe|a2l, 
k"l = fc|ail 


for 1 < i < g, and 


(5.5) 


00 

f,w,z") = Yl E' Piz'r'wr". 


k=0 \u'\ = k\a2\, 

\v"\ = l + k\ai\ 


for 1 + g < i < p + g. We focus on the hrst degree terms of the Laurent expansions. We 
put 

( \ 


(5.6) Pf{z)-= 








W 


,k"N0 

As a matrix we can write 


\v"\=0 


\<''\=0, 
W"\ = l 


W'\=o, 


(aY ■ ■ ■ Ok} 0 


Pf = 


Aq) 

^ei 


V 0 


Aq) 


0 

,(1+9) 

1-61 + 9 


0 a. 


(p+q) 

61+9 


0 \ 


0 

,(1+9) 

•'Cp+q 


Ap+q) 

^^p+q 


Then it follows from fl5.4p and fl5.5p that 

P{f oh) = Pfo Ph, and Pid = id, 
where h G p{GU{p,q)), and therefore 


PfeGL{p + q,C) 

since / is an automorphism. Hence we have a representation of GU (p, g) given by 

GU{p,q)3g^PfEGL{p + q,C), 

where / = p{g). The restriction of this representation to the simple Lie group SU{p,q) 
is nontrivial since p{U{q) x U{p)) = U{q) x U{p). However this contradicts Lemma [2.41 
Thus A is positive. 
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Next we prove that |ai| = \a 2 \ = 1. For this, we suppose |ai| 7 ^ 1. Since |z/'|, |z/"| >0 
and Oi, 02 are relatively prime, we have, by fl5.2p . 

z/f^ H-h = 1 -/c|a 2 | and H- \-= k\ai\, 

for I < i < q, where k = 0, and, in addition, A; = 1 is valid if |a 2 | = 1. By fl5.3p . 

1^1^ H- \-vf‘ = Q and z/|*|^ H-h z/p|q = 1 , 

ioT 1 + q < i < p + q. Hence, the Laurent series of the components of / G p{GU (p, q)) are 

= ^ aiHz'r'iz'r", 


k = 0 \i''\ = l + k\a2\, 
k"l=fc|ail 


for 1 < i < g, and 

(6.7) 


Mz',z") = 


a!,'))/')"" 


k"l-i 


for 1 + g < z < p + g. Thus, by fl5.7l) . we have a nontrivial linear representation of GU{p, g) 
by 

GU(p, g) 9 g I—^ (/i+g,..., fp+q) G GL(p, C), 

where (/i ,..., fp+q) = p{g)- However this contradicts Lemma [231 Thus we have shown 
that |ai| = 1. In the same manner, we have |a 2 | = 1, and therefore Lemma [5.3! is proven. 

□ 

Remark 5.1. By Lemma [5.31 fl5.2p and fl5.3p . the action of GU{p, q) on H is linear matrix 
multiplication, since > 0 for 1 < z < p + g. Therefore 

P ■ GU{p,q) —^ GL(p + g,C), 
and this representation is irreducible by Lemma 12.41 

Since G = p{G{U{q) x U{p))) acts as linear transformations on H C it preserves 

the boundary dQ of H. We now study the action of G on dQ. The G-orbits of points in 
^p+Q consist of four types as follows: 

(i) If p = (pi,... ,Pp+q) G (O \ {0}) X {CP \ {0}), then 

(5.8) G-p = {{zi^ . . . , Zpj^q) G C^’'"'^\{0} : —a{\zi\'^ + - ■ ■+\Zq\^) + \Zij^qf‘ + - ■ •+|Zp+qP = 0}, 

where a := (|pi+gP H-h IPp+gH/dPiP H-h \zq\‘^) > 0. 

(ii) If p' = (0,..., 0,p[+g ,.. .,Pp+g) G CP+'^ \ {0}, then 

(5.9) G-p' = {(0,...,0)}x(C^>\{0}). 

(hi) If p" = (p",... ,p", 0,..., 0) G \ {0}, then 

(5.10) G-p" = (OViO}) X {0}. 

(iv) If p"' = (0,..., 0) G then 

(5.11) G • p"'= {0} C 
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Lemma 5.4. If 

n n ((C'' \ { 0 }) X (c^ \ { 0 })) = (c^ \ {o}) x (c^ \ {o}), 

then is equal to or C^+9 \ { 0 }. 

Proof. If n ((C^ \ {0}) X (CP \ {0})) = ((C^ \ {0}) x (C^ \ {0})), then hi equals one of 
the following domains by the G-actions of the type fl5.9p . (15.1 Op and (15.lip above: 

CP+f CP+^ \ {0}, X (CP \ {0}), (CP \ {0}) X CP or (C^ \ {0}) x (Cp \ {0}). 

Clearly GU{p,q) acts on CP’*"'^ and Cp^'^ \ {0} by matrices multiplications. However, 
GU (p, g)-action on Cp+'^ does not preserve C'^ x (Cp \ {0}), (Cp \ {0}) x Cp or (C^ \ {0}) x 
(CP \ {0}), by Remark \5^ Thus Lemma l5^ is proved. 

□ 

Let us consider the case H fl ((C^ \ {0}) x (Cp \ {0})) 7 ^ (C^ \ {0}) x (Cp \ {0}). Then 
we have cIH fl ((C^ \ {0}) x (Cp \ {0})) ^ 0. Thus we can take a point 

p = (pi,... ,p,+,) e ac n ((C^ \ {0}) X (CP \ {0})). 

Let 

a := + • • • + bp+/)/(biP + • • • + Ip/) > o, 

'■= {(^1; • • • , ^p+q) ^ CP^'^ ! —a(|Zi|^ + ' ' ' + + kl+ql^ + ' ' ‘ = 0}- 

Note that 

on D Aa, 

by the G-action of the type (15.8p . Then C is contained in 

Da = + • • • + \Zg\^) + |^l+(jP + • • • + l^p+gl^ > 0} 

or 

Ga = {—a(|zip + • • • + \Zg\‘^) + + • • • + l^p+gP < 0}. 

Let us first consider the case dQ = Aa, that is, C = Da or Ga- 

Lemma 5.5. IfPt = Da, then H is biholomorphic to 

Proof. There exists a biholomorphic map from H to HP’'^ by 

$ ; CP+'? 3 {zi,..., Zp+q) H- ..., a~^^‘^Zq, Zi+g ,..., Zp+g) G CP^"^. 

□ 

Lemma 5.6. If PL = Ga, then H is biholomorphic to G^'^. 

Proof. Indeed, there exists a biholomorphic map from C to GP’”^ by 

$' : CP^'' 3 {zi,..., Zp+q) i-A {oT^I’^Zx,..., oT^I’^Zg, Zi+g,..., Zp+g) G CP^''. 

□ 

Let us consider the case dPl ^ Aa. We will prove that in this case GU{p,q) does not 
act effectively on C. 

Case (F): {dQ \ Aa) n ((C" \ {0}) x (Cp \ {0})) = 0. 

In this case, dPl is the union of Aa and some of the following sets 

(5.12) {0} X CP or C'? x {0}, 


by the G-actions on the boundary of the type (15.91) and (I5.10p . 
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Case (F-i); Q C Da- 

In this case, x {0} can not be a snbset of the boundary of hi. Thus 

= A„U({0} xC^), 

Q = Da\mxCP). 

However, the GU{p, g)-action on does not preserve Da \ ({0} x C^), by Remark \5.1[ 
Thus this case does not occur. 

Case (F-ii): Q C 

In this case, {0} x (C^ \ {0}) can not be a subset of the boundary of Thus 

dQ = (O X {0}), 
fi = C,\(C'^x{0}). 

However, the GU{p, q)-action on C^+i does not preserve Ga \ (C*^ x {0}), by Remark \5^ 
Thus this case does not occur either. 

Case (E”): {dQ \ n ((O \ {0}) x (C^ \ {0})) ^ 0. 

In this case, we can take a point p' = {p[,... ,Pp^q) G (cm\ n ((C^\ {0}) x (C^\ {0})). 
We put 

b := hpu/ + ■ ■ • + b;+/)/(b'iP + ■ ■ • + > o, 

Bb ■= {{zi, . . . , Zp+q) G : —b{\zi\‘^ + • • • + \Zqf) + l^l+gl^ + • • • + = 0}. 

We may assume a> h without loss of generality. 

Case (n”-i); dD = AaU Bb- 
Since hi is connected, it coincides with 

Ga n Db = {6(|2 ;i|^ + • • • + Izql"^) < l^l+gl^ + ' ' ' + < a(|Zl|^ + • • • + 

— {“(kip + • • • + k(jP) < kl+gP + • • • + kp+gP < kiP + ■ ■ ■ + k<?P}- 

Qj 

Since GU (p, q) is connected, the GU (p, g)-action through p preserves subsets of boundary 

dfi, {|zi+gp + • ■ ■ + kp+<jP ~ kiP + ■ ■ ■ + kgP} \ {0} {^(kiP + • • • + kgP) = 

+ • ■ ■ + |zp+gp} \ {0}, which are disjoint. Then the GU{p, g)-action also preserves 

the domain {|zi+qp +-h kp+gP > kiPs -l■kgP} — However, by Lemma [2781 

p{GU{p,q)) C GU{p,q), and therefore, noticing Remark ISTl we see that the GU{p,q)- 
action does not preserve {^(kiP + • • • + kgP) = ki+gP + ■ ■ ■ + kp+gP}; ^ contradiction. 
Thus this case does not occur. 

Case (n”-ii); dD D AaUBb. 

By the same argument of Case (E-ii) in the proof of Theorem 13.11 we see that this case 
does not occur. 

We have shown that H is biholomorphic to one of the following domains: 


□ 





36 


YOSHIKAZU NAGATA 


6. The automorphism groups of the domains 


6.1. The automorphism groups of C x B” and C* x B”. 

Theorem 6.1 ([I]). For f = (/o, /i,..., /„) G Aut(C x B"'), we have 

fo{Zo, Zi,..., Zn) = a{zi, Zn)Zo + b{Zi, ...,Zn), 

and 

fi{zo, zi,...,Zn) = -- 

®oo T 2-^j=i ^oj^j 

for i = where a is a nowhere vanishing holomorphic function on B”, b is a 

holomorphic function on B”, and the matrix (ajj)o<ij<n hs an element of SU{n, 1). 

Proof. First we consider /j for i = 1,..., n. Fix {zi,... Zn) G B"'. Then, by the assumption, 
fi{-, zi,..., Zn), for i = 1,..., n, are bounded holomorphic functions on C, and therefore 
constant functions by the Liouville theorem. Hence /*, for i = 1,..., n, do not depend on 
zq. In the same manner, we see that, for the inverse of / 

9 = {go,gi,---,9n) = f~^ e Aut(C x B"), 

Pi for i = 1,.. .n are independent of zq. It follows that 

/:= (/i,...,/n)eAut(B”). 

It is well-known (see m that / G Aut(B"') is a linear fractional transformation, whose 
components are of the form 

Jiy^l, • • • , ^n) ' 1 

Ooo + 2^j=i 

for i = 1, 2 ,..., n, where the matrix (aij)o<ij<n is an element of SU{n, 1). 

Next we consider /q of /. For hxed {zi, Z 2 , ■ ■ ■, Zn) G B”, /o(-, Zi,..., Zn) is injective 
on C with respect to Zq, since /j, for z = 1 ,... ,? 7 ,, do not depend on zq. Therefore /o is 
an affine transformation with respect to Zq, namely, fo(zi, Zi,..., Zn) = a(zi ,..., Zn)zo + 
b(zi,..., Zn), where a is a nowhere vanishing holomorphic function on B” and 6 is a 
holomorphic function on B”. This completes the proof. 

□ 


For the domain ~ ~ C* x B”, we can show the following theorem in a similar 

way of the proof of Theorem 16.11 (See [7]). 


Theorem 6.2 ([?]). For f = (/o, /i,. .., /n) e Aut(C'^’i), 

p /■ \ f A f A — 1 

fo{Zo, Zi, ..., Zn) = c ] Zo OT C ] Zq , 

\Zo ZoJ \Zo ZoJ 

and 

P , \ X / , + 2 ^ 7=1 ^ij^j 

fi{Zo, Zi,..., Zn) = fo{Zo, Zi,..., Zn) --, 

Ooo + Z^j=i '^ojZj 

for i = 1,... ,n, where c is a nowhere vanishing holomorphic function on B”, and the 
matrix (ajj)o<jj<n is an element of SU{n,l). 
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6.2. The automorphism groups of for p > 1. 

Theorem 6.3. Aut(D^’'^) ~ GU{p,q) for p > 1, q > 0. 

Proof. For fixed {wi ,..., Wq) G O, 

DP’'^n{Zi=Wi,...,Zq = Wq} ~ 

{(A+g, • • • , Zp+q) £ : kl+gT + ' ' ' + l^p+gT > + ' ' ' + 

and the compliment of the right-hand side in is a compact set, Br, where = |taip + 
■ ■ ■ + \ wq\^. Thus any holomorphic function on extends holomorphically on by 
Hartogs’ extension theorem. Therefore / G Aut(F)^’'^) extends to a holomorphic map from 
to itself, and since f~^ G Aut(T)^’'^) also extends, we have / G Aut(C^’'''^) by the 
uniqueness of analytic continuation. The theorem follows from the next lemma. 

□ 


Lemma 6.1. Letp,q >0. /// G Aut(C^''''?) preserves and the null cone 

= {(zi, . . . , Zpj^q) G \ —\zi'^ — ■■■ — \Zq'^ -\- 12^1+51 ^ + ' ' ' + |^p+g|^ = 0}, 

then we have f G GU{p,q). 


Proof. Since the origin 0 is the unique singular point in we have /(O) = 0 by the 

hypothesis of Lemma IhTl Put / = (/i,..., fp+q) and the Taylor series of fj by 


m = Y. 


For t G C*, f{tz)/t preserves 

-\h{tz)/t\^ - \fq{tz)/t\^ + \h+q{tz)/t\^ + • ■ ■ + \fp+q{tz)/t\^ = 0. 


If t tends to 0, then we have 


E 

2 

E “tL- 

2 

+ 

E “F”"" 

2 

+ ■■■ + 

5^ a‘-p'<h‘' 

IF=i 


IH=i 


bl=i 


\u\ = l 


This equation means 


Jacc/(0) 




G GL{p -I- q, C), 


preserves where ei = ( 1 , 0 ,..., 0 ), 62 = ( 0 , 1 , 0 ..., 0 ), ..., = (0 ..., 0 , 1 ) are 

the natural basis of Since Jacc/(0) is non degenerate matrix, Jacc/(0) also preserves 
It follows from Lemma IXSl that Jacc/(0) G GU{p,q). Considering / o (Jacc/(0))“^, 
we may assume that Jacc/(0) = Ep+q, and will prove that / = Ep^q. To prove Lemma ICTl 
we show the following: 


Lemma 6.2. Let f = (/i,..., fp+q) : —?■ be a holomorphic map, and put the 

Taylor series of fj as : 


/i(^) 


E 


ai^^zY 




p+q 

>0 
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If the holomorphic map f preserves the null cone and the origin 0, respectively, and 

z/Jacc/(0) = Epj^q, then we have =0 if v — ej ^ ®!/+ej = ^iz+ei- 


Proof. By the assumption we have, on the null cone 

0 = -\h(z)f -l/,WP + l/,+iWt + "- + IW.it 

EIE 


( 6 , 1 ) 


E^E 

i=i Vkl>i 


I — 


I 2,- - 


j=i \|i/|>i 


. E 

i=i 


a)Pz 


U 


|v|>i 


p+q 

^ ^ A 


p+q 

-E 

Jetv^ 

p+q 

~J + 

E T'z- 

j = l+q 

VlH>i / 

j=l+q 

Vfi>i y 

3 = l+q 

ld>i 


First we prove Ou'^ = 0 for z/ — Cj ^ We restrict the equation (16.Ih on 

{ e C, { 6 ,,..., 0 ^+,) G MP+''} . 

Then, considering the right-hand side above as a function of zi and zi, each coefficient of 
z\z\ vanishes. In particular, for the ziz\ term, we have 


0 = - E E 


oi/’z" I + 


p+q 






t=i 


\v\=k 


j=l+q 


\v\=k 


where z'" should be read 

Then, for u ^ ej + 'PfYoi fhe coefficient of ZiZ^f'^ must vanishes, that is, 

Ov'^ = 0 for z/ ^ Cj + 

Next we prove for j = 2,... ,p + q. Put zi = for 0 G M and 

r =-^—|z 2 P — • • • — \zq\^ + |.2i+qP + ''' -l- |^p+qP > 0, and substitute it into (16.Ih . Then, 
considering the right-hand side of fl6.ll) as a function of each coefficient of ^ 

/c G Z, vanishes. For /c = 0, we have 


0 = 


-r| 

JH>i 


( 1 ) u- 

ah ^ r 


E% E I - I E 

j=2 V|v'|>l / \|iz|>l 


aY z'" r I r 


E E“:^' 

3=2 \| 1/'|>1 

p+q 


{j) y 1 


Zi 


EE E 

3=1 l,m>l \|m|=Z 
P+q 




Ai). 


a]j'z'''r'^'^ 

\u\=m 




(TV — 


2) Zi 


3 = l+q \F'|>1 

p+q / 

E E E 

j = l+ql,m>l \|/i|=Z 


j=l+q \|iz'|>l 




(•?') ipl/i 


Ou ' z'' r 

\u\=m 


where z/' = (0, 1 ^ 2 , ■ ■ ■, ^p+q), Y = (0, fi 2 , ■ ■ ■, Pp+q) and n = n' + z/iCi, n = Y + z/iCi. Then 
the right hand side above is a power series of ^ 2 ,..., Zp+q, Z 2 , ■ ■ ■, Zp^q, and therefore each 
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coefficient of z^'z’'' vanishes. In particular, the coefficient of z'''\zj\‘^ for j = 2,... ,p + g is 
0 = ±(a^!^g^ — Thus we have proven that = a[/+ei when ui = 0. 

Similarly, the coefficient of for /c = 1 is 




y\>i 


JH>i 


-EE 

i=2 V|i/|>i 


a[pz'^'r I z^ 


EE IE 


j=l l,m>l y|^|=/ 
P+9 


a'u'z'' r‘' 

\u\=m 


P+Q 

h-E IE 

j = l+q \|!^|>1 


a^^z'^'r I 2;o 


^ ^ I '^2 I I '^2 du'^z'^'r'^^ 


where v' , p' and v are as before, and p = p' -|- (i^i -|- l)ei. Dividing this equation by r, 
the right-hand side becomes a power series of 2 : 2 , • • •, -^p+q, ^ 2 , • • •, ^p+g, and therefore the 
coefficient of z^'\zj\^ for j = 2,... ,p-|-g vanishes, that is, 0 = it(a^2+2ei ~ ^u'\ei+ej)■ Thus 
we have proven that ~ ®i+ei when z/i = 1. 

For k > 1, the coefficient of is 


0 = 


E 

Jd>i 


ai})z’^'r^+^ I r 


EE 

j=2 \|i.|>l 


aiPz'^'r^ z- 


1 


EE E 

J=1 l,m>l \ |p|=i 




E 

\v\=m 


a^'^z'^'r'^i I -I- 


P+9 


E E 

i = l+q \|!^|>1 


a^Pz^'r^ ^ 


p+q 

E E IE 

j=l+q/,m>l \ |p|=Z 




'^2 du'^z’^'r'^^ I , 

\i/\=m 


where u', p' and u are as before, and fi = ^' + {ui + k)ei. Dividing this equation by r^, 
the right-hand side becomes a power series of 2 : 2 , • • •, -^p+g, ^ 2 , • • •, ^p+g, and therefore the 

coefficient of z'''\zj\^ for j = 2,... ,p + q vanishes, that is, 0 = ±{d2}+{k+i)ex ~ “Iz+feei+e^- 

Thus we have proven a22j ~ ai+ei when z/i = /c > 1, and this completes the proof. □ 


We continue the proof of Lemma lOl We consider / G Aut(D^’^), Jacc/(0) = i?p+g, on 
{ G C, (ffi,..., 0^+,) G C 

By Lemma [6.21 for each 1 < j < g, we have 

(6.2) fj ... ,y/pe^^’'Zi,y/qe^^^+’^Zi ,... ,y/qe^^^+’'z2^ 
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and for each 1 + g < j < p + g, we have 

(6-3) fj j 

= . 
Since the holomorphic map 

C3 zi^ (^fi (ype'^^^zi,... ... ,y/qe^^’’+‘^ Zi'^ ,..., 

fp+q ... ,y/qe^^^+'^z^^ G C^^'' 

is injective on C, the holomorphic map 

C 3 zi^ fi (^/^^^zi,... G C 

must be injective by (16.2^ and (16.dp . Any holomorphic injective map from C to itself is 
an affine transformation. Thus we have 

fi zi'^ = czi, 

with some non-zero constant c G C, since /(O) = 0. Therefore we have 

\u\=k 

for each k > 1, 6 = {6i,..., Op^q) G where u = {iz', v") G Z>q x Z>g. Since these 

equations hold for any 9 G we have a^}'^ = 0 for \v\ > 1. This implies that, for any 

1 < j < P + ?, ciu'^ = 0 for |z/| > 1 by Lemma 16.21 Thus we have proven that / = T^p+g, 
and this completes the proof. 

□ 
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